Chapter 11

Quantified Boolean Formulas
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In this chapter we discuss an extension of propositionahfdas, known aguantified
boolean formulasQuantified boolean formulas have the same expressive [EsN®DPOSI-
tional formulas, but in general allow for a more succinctresgntation of problems. Quan-
tified boolean formulas can be used to present finite-statgbimtorial problems, such
as planning or games. In addition, they are extensively irsegmbolic model checking
algorithms studied later in this book.

11.1 Quantified Boolean Formulas

In this section we introduce quantified boolean formulasraexension of propositional
formulas and discuss their syntax and semantics. We gearethé notions of validity and
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11.1 Quantified Boolean Formulas

satisfiability to quantified boolean formulas and show thatike propositional formulas,
checking a truth value of a formula in an interpretation ibasl as satisfiability or validity
checking. Then we discuss in length the notions of free andtbeariables and difficulties
created by bound variables in defining the notion of suligiituof a formula for a boolean
variable.

11.1.1 Syntax and Semantics

In this chapter we will refer to boolean variables simplyasiables Quantified boolean
formulas extend propositional formulas by allowing quiacdition on variables.

DEFINITION 11.1 (Quantified Boolean Formula) The definitiorgofantified boolean for-
mulasis obtained from Definition 3.1 on page 30 of propositionahfalas by adding the
following items:

(6) If pis aboolean variable anfl is a formula, thervp £ anddpF are formulas.

The symboV is called theuniversal quantifielandd is called theexistential quantifier We
also callquantifiersexpression&’p and Jp. If a formula F' containsyp (respectively3p),
we say thap is universally quantifiedrespectivelyexistentially quantifiedin £ O

Intuitively, VpF means tha¥' is truefor all possible values fop, i.e., both wherp is true
andp is false. LikewisedpF means that’ is truefor somepossible value fop.

As in the case of propositional formulas, we will often omatrentheses in formulas.
For the connectives used in quantified boolean formulas Weugé the same priorities as
in Figure 3.1 on page 30, but additionally assume that thatfieas have the same priority
as negation-. For example, the formuldp—p — ¢ represent$vVp—p) — q.

The semantics of quantified Boolean formulas is defined bgrehhg the semantics
of propositional formulas to quantifiers. To define this asien, let us introduce a new
notation. Let/ be an interpretatiory an variable, and a boolean value. Then bjp « b]
we denote the interpretation defined as follows:

I[p — bj(q) = { ij(Q)’ :; i ’ Zf

It is easy to see thalt[p — b](p) = b and that/[p < b] agrees withl on all variables
different fromp.!

DEFINITION 11.2 (Truth) The notion of truth for quantified boolean fotawiis obtained
from Definition 3.2 on page 31 of truth of propositional forasiby adding the following
items.

The definition ofI[p « b] is nearly identical to that of + (p — b), except that we do not require that
be undefined op.
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CHAPTER 11. QUANTIFIED BOOLEAN FORMULAS 157

(7) I(vpF) =lifand only if I[p < 0](F) = 1 andI[p « 1](F) = 1.
(8) I(3pF) =1lifand onlyif I[p < O](F) = lor I[p «— 1](F) = 1.
As in the case of propositional formulas, we will write= F, if F is true inl. O

In other words, the formulspF is true in if for all boolean values we havel[p < b] =
1, and the formulapF is true in! if there exista boolean valué such thatl [p < b] = 1.
SoVpF is informally read as “for alp, F”, anddpF is read as “there exisgssuch thatF™.
The notions okatisfiability, validity andequivalencere defined in the same way as for
propositional formulas.
We can evaluate a quantified boolean formula in an interjoetasing Definition 11.2
of truth, but the evaluation is not as straightforward atiendase of propositional formulas.

ExAMPLE 11.3 Let us consider an example: evaluation of the fornvplag(p < ¢) in
the interpretation/ = {p — 1,¢ — 0}. Let us introduce a notation which is convenient
for this example. For any two boolean valuesb, denote byl ;, the interpretation
{p — b1,q — be}. In this notation/ can be denoted d5¢. By the definition, we have

IoFp—gq or
Too = 3 ) InnFpegq
Tio EVpAg(p & q) | 07 24P 4] gnq ) o and
10FE PP o) Sl a0 L)
LoFpeq or
IhEpegq

This evaluates to true, so the formula is trudig This formula evaluation process can be
depicted as an AND-OR tree as follows:

I F VpHAq(p = q)
/ \
Ino F 3(\1/(29 < q) IoF 3({/(10 < q)
N TN

I Fp—q It FEp—gq IiyEp—gq L1 Fpegq

Note the essential difference between the evaluationsopigsitional and quantified boolean
formulas. To evaluate a quantified boolean formula, we baild AND-OR tree, which is
unnecessary for propositional formulas. In fact, evabratif quantified boolean formulas is
a PSPACE-complete problem, while propositional formukas loe evaluated in polynomial
time.

Observe what happens when we evalugigq(p < ¢) in a different interpretation. It
is not hard to see that the result will be the same. Indeedisleixtend the notatiof,, ,,
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158 11.1 Quantified Boolean Formulas

by using wildcards for by, bs. If we use_ for b;, it means that we do not know the valbie
in I. For example]__ stands for an arbitrary interpretation (both the valtieandb, are
unknown). We have

Ioo Fp—q or
o F 3 ) Iot Fp—gq
I EVp3 o] 0724 ang | o and
CEWRp =) S| T 50 )
LoFpe—q or
IiFp—gq

Therefore, the formul&p3q(p < q) is true in all interpretationg__, hence it is valid. 0

11.1.2 Free and Bound Variables

The truth value of a propositional formula in an interpretation depends, in general, on
the truth values of all variablgs occurring in£’. As one can see from Example 11.3, for
guantified boolean formulas the situation is different: theh value of F' in I does not
depend on the values ihof variables occurring in quantifiers, called theund variables

in F.

DEFINITION 11.4 (Subformula, Polarity, Free and Bound Occurrencesy ribtion of sub-
formula for quantified boolean formulas is obtained front thfaDefinition 3.7 on page 35
for propositional formulas by adding the following item:

(6) The formulaf? is the immediate subformula of the formuldsF; and3pF;.

The notions ofositionandpolarity for quantified boolean formulas are obtained from that

of Definition 4.10 on page 50 by adding the following item. Lt = G and G has

the formVpG, or 3pG;. Thenr.1 is a position inF, F|, 1 def G and pol(F,m.1) def

pol(F, ). We will use the notions ogbositiveandnegative occurrencesf subformulas in
the same way as we did for propositional formulas, see Defimit.10 on page 50.

Letp be a boolean variable arid , = p. We say that the occurrence pét the position
m in F'is boundif = can be represented as a concatenation of two strings such that
F|x, has the formVpG or 3pG for someG. Otherwise the occurrence pfin F' is said to
befree If a variablep has some free (respectively, bound) occurrences,imwe callp a
free (respectivelybound variable ofF'. A guantified boolean formul&’ is calledclosedif
it has no free variables. 0

As an example, consider the formyla— Yq3p(q < p) Vv r. The variablep has both free
and bound occurrences in it: the first occurrence o free, while the last one is bound.
The variableg has only bound occurrences in the formulas, and the variablely free
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CHAPTER 11. QUANTIFIED BOOLEAN FORMULAS 159

occurrences. Thereforg,andr are the free variables of this formula, whijleandq are the
bound ones.

In the sequel we will denote by/ a symbol which stands for eithét or 4. When
we use several occurrences of this symbol in the same couatibriccurrences will stand
for the same quantifier, i.e., eithgror 3 but not both. We may also use subscripfs to
distinguish between different quantifiers.

The notions of free and bound occurrences of variables aeilhsstrated when the
formula is represented in a tree-like form. An occurrenca @riablep is bound, if above
this occurrence in the tree there is a naidg. Consider, for example, the parse tree for the
formulap — VYq¢3p(q < p) vV r:

/\
p V
Vq/ \7“

I
Jp

|
/ N\
¢ p

It can easily be seen that, for example, the occurrence ofdtiableq in a leaf of the tree
is bound, since above it the tree contaifas

11.1.3 Truth and Satisfiability

By straightforward induction on the definition of truth, stmot hard to argue that the value
of a quantified boolean formulas only depends on the valués free variables.

LEMMA 11.5 Let; andI; be two interpretations which agree on all free variablestf
i.e., for all free variable® of F' we havel; (p) = Iy(p). Thenl; £ Fifand only if I F F.

PROOF The proof is by induction od. We will only consider the case whéenhas the fornvpG,
other cases are similar. LEtbe the set of all free variables 6. Then the set of free variables Gf
is a subset o/ U {p}. Therefore, for every boolean valtd; [p < b] agrees with/s[p < b] on all
free variables of7, this fact will be used when we apply the induction hypoteésilow. We have

L EVpG <
(by the definition of truth)
Lp—0)(G)=1andL[p—1](G)=1«<
(using the induction hypothesis)
Lp — 0)(G) =1andLp — 1](G) =1 &
(by the definition of truth)
I F VpG. U
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11.1 Quantified Boolean Formulas

This lemma implies the following consequence for closedigas.

LEMMA 11.6 For closed quantified boolean formulas the notions of trutlidity and
satisfiability coincide in the following sense: for everienpretation/ and closed formula
I the following propositions are equivalent: ())E F; (ii) I is satisfiable; and (iii)F" is
valid.

PROOF Evidently, if F' is valid, thenI E F, and if I & F thenF is satisfiable. Therefore is
enough to prove that satisfiability df implies its validity. Suppose thdf is satisfiable, then for
some interpretatiod; we havel; F F. Take an arbitrary interpretatiah. SinceF has no free
variables, therl; andl; agree on all free variables éf. By Lemma 11.5 we havg, E F. Sincel,
was arbitrary, the formul&’ is valid. |

In general, satisfiability and validity of quantified boaleimrmulas can easily be seen
a special case of satisfiability (or, equivalently, vaiijliof closed formulas.

LEMMA 11.7 Let F' be a quantified boolean formula with free variabjes. .., p,. Then
I is satisfiable (respectively, valid) if and only if the foladp, ... dp, F' (respectively,
Vp1 ... Vp,F) Is satisfiable. O

11.1.4 Monotonic and Equivalent Replacement Theorems

Our next aim is to establish analogues of the equivalent ambionic replacement theo-
rems. Monotonic Replacement Theorem 4.13 can be reforetulderally for quantified
boolean formulas.

THEOREM 11.8 (Monotonic Replacement)et F; be a subformula of a formul&; and
Fy — F; be valid. Let the formulays be obtained from=; by replacement of one or
more positive (respectively, negative) occurrencegdfy F». Then the formuld?; — G4
(respectivelyGo — G1) is valid.

PROOE Later. O

In other words, the truth value of a formula is monotonic ohfetmulas occurring posi-
tively and anti-monotonic on subformulas occurring nagsyi
In a similar way we can prove an analogue of Equivalent Repfent Theorem 3.9.

THEOREM 11.9 (Equivalent Replacement)et F; be a subformula of a formulé&; and
Iy = Fy. Let the formulaiG, be obtained fromz; by replacement of one or more occur-
rences off; by F,. ThenG, = Gs. O

Note that Monotonic Replacement Lemma 4.12 on page 54 dad®lbfor quantified
boolean formulas because of the bound variables. Indeedjd=y the interpretatioh =
{p—1,q—1}. Thenl F p — ¢q. We also have F Vp(q) but not! = Vp(p). This
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CHAPTER 11. QUANTIFIED BOOLEAN FORMULAS 161

example also shows that Lemma 3.8 on equivalent replacetoestnot hold for quantified
boolean formulas, sinceF p < ¢ butI ¥ Vp(p) < Vp(q).

11.1.5 Substitutions

In some algorithms of this chapter, we will have to replacenidas by other formulas.
When we replace subformulas in quantified boolean formalapecial care is required to
deal with bound variables.

Free occurrences of a boolean variapli a formula F’ correspond to a “parameter”
of F'. For example, the formuldg(—p < ¢) expresses that there is a boolean value which
is equivalent to the negation pf In this formulap can be considered a parameter. We can
replacep by a formula, e.g.p; A p2, and obtain a formula which expresses that there is a
truth value equivalent to the negationgfA ps, namely3q(—(p1 Ap2) < ¢). Thus, replace-
ment of p by a formula can be regarded as substitution of an expressica parameter.
We cannot, however, immediately formalize substitutionarfables by formulas as simply
replacement of variables, as two kinds of problems arisa §ach a naive formalization.

The first problem appears when we try to replace a bound variéie result may be
not a formula at all. For example, if we replaceda(—p < ¢) the variableg by —¢ we
obtain the expressiof—q(—p < —¢q) which is not a formula at all. This suggests that only
free occurrences of variables can be replaced. Howevsnadhiriction is not enough.

The second problem arises when the substituted formulaicenfree variables which
become bound after the substitution. To illustrate thidmm, consider again the formula
dq(—p < q). Evidently, if we substitute a formul&' for p, we expect to obtain a formula
which expresses that there exists a boolean vakeguivalent to the negation @f. Let us
try to replacep by a formulaf” with free occurrence af, for example, by, itself. We obtain
the formuladq(—¢ < ¢). This formula means that there exists a boolean value dguiva
to its own negation, which is not what we intended. Even wdtseformuladg(—p < q) is
valid while the formuladq(—q < ¢) is unsatisfiable. The problem in this case was created
by the fact that a free variable éf becomes bound after after we substitéiéor p. Let us
introduce a notion that guarantees that a substitutiorepres the meaning of a formula.

DEFINITION 11.10 (Formula Free for a Variable) LetandG be quantified boolean for-
mulas and be a variable. We say thét is free forp in F' if after the replacement i’ of
all free occurrences gf by G no free occurrence of a variable @ becomes bound. More
strictly, this can be formulated as follows. is not free forp in F' if there exist patha, m
and a formulaF; such thatF'|,, », = p, the occurrence gb at the positionr;.m2 in F'is
free, F|, = FqF1, andq is a free variable ofs. O

For example, the formulais notfree forp in 3¢(—p < ¢). In general, a formul& is free
for pin 3¢(—p < q) if and only if ¢ is not a free variable ofr.

If F,G are quantified boolean formulas apds a variable, we Wl’iterG to denote
the formula obtained by replacing i all free occurrences op by G. When we use this
notation, we always assume tl@is free forp in F.
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11.2 Normal Forms

What if we need to substitute a formufafor a variablep in F' so as to preserve the
meaning of parameters, batis not free forp in F? In this case we can changginto an
equivalent formulaF” so thatG is free forp in £/, and then substituté& for p in £’. The
aim of the transformation changiriginto F” is to replace bound variables iff which are
free inG by other bound variables. This operation is calledaming bound variablesVe
will give quite a restrictive definition of renaming boundriédbles, since the definition in
its most general form is rather complex. However, this reste definition is enough for
our purpose.

DEFINITION 11.11 (Renaming Bound Variables) We say that a formidlais obtained
from a formulaF by renaming bound variableg F’ can be obtained fron' by a se-
guence of the following steps. LétpG be a subformula o' and ¢ be a variable not
occurring inF. Replace¥pG in F by ¥q(G}). O

ExAamMPLE 11.12 Consider the formul& = Vp(3p—p V p VvV Ip(p — p)). We can apply
renaming of bound variables to it in the following way. Finste rename the occurrences
of the variablep bound by the outermost quantifigp into a new variable;. We obtain
the formulaVq(3p—p V ¢ vV Ip(p — p)). Next, we rename in Jp—p to a new variable
r. We obtain the formul&q(3r—r VvV ¢ V Ip(p — p)). This formula looks simpler than
the original one since it is clear which quantifiers bind vihdccurrences of variables in it.
Such formulas are callegctifiedand will be defined below. O

LEMMA 11.13 Let a formulaF” be obtained from a formul&' by renaming bound vari-
ables. Thert" = F’.

PROOE Later O

DerINITION 11.14 (Rectified Formula) A formul®’ is calledrectifiedif (i) no free vari-
able of F' occurs in a quantifier i', and (i) for every variable, the formulaF’ contains
at most one occurrence of quantifiefsanddp binding p. O

For example, the formulap—p — dp—p is not rectified, since it contain two quantifiers
binding p. The formuladp—p — p is not rectified since has both free and bound occur-
rences in it. Evidently, both (i) and (ii) in Definition 11.1&n be achieved by renaming
bound variables. Therefore, we have the following result.

LEMMA 11.15 Every formula can be transformed into an equivalent redif@mula by
renaming bound variables. O

11.2 Normal Forms

In this section we consider two normal forms of quantifiedlban formulas. For proposi-
tional formulas, we introduced the notions of CNF and clafsan. For quantified boolean
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CHAPTER 11. QUANTIFIED BOOLEAN FORMULAS 163

formulas, we will first introduce a notion of prenex form, theg a form in which all quan-
tifiers are put in front of a quantifier-free formula. The u§e®nex normal forms makes it
possible to generalize the splitting algorithm to quardifimolean formulas in a relatively
straightforward way in Section 11.3. Then we introduce tbtom of conjunctive normal
form (CNF) analogous to the notion of CNF for propositionatnfiulas. It will be used
in Section 11.4 to define a DLL procedure for quantified baoléamulas. We do not
consider the notion of clausal normal form here. In fact, cae represent the structure-
preserving clausal normal form transformation as an etprea-preserving transformation
on quantified boolean formulas, see Exercise 11.18.

11.2.1 Prenex Form

In this section we introduce a class of quantified booleamfas, calleprenex formulas
Prenex formulas are obtained by putting quantifiers in fadra propositional formula.

DEeFINITION 11.16 (Prenex Form) A quantified boolean form#las said to be irprenex

form, or simply aprenex formulaf it has the form=¥p; ... ¥, p.G, whereG is a propo-

sitional formula. A formulaF’ is aprenex form of a formul&- if F' is prenex andd” = G.
O

For example, the formuldpVq(p — ¢) is prenex, while the formuldp(p — Vrr)
is not, since it has a quantifiéfr in the range of—. For every formula of the form
ipy ... MopnG, we will refer todp; . . . 3,p, as aquantifier prefix

In the sequel we will writex to denoteA or Vv in the same way as we usédto denote
V or 4. For examplepxg may denote eithesA g orpV q. The following algorithm converts
formulas without equivalences into their prenex form. Wé shiow later how one can get
rid of equivalences in quantified boolean formulas.

ALGORITHM 11.17 (Prenexing) Lef' be a formula. By Lemma 11.15 we can rename
bound variables iF’ to make it rectified, so we assume tltats rectified. The transforma-
tion of F' into its prenex normal form is made using the rewrite rulefiglre 11.1. The
rules are applied té" until we obtain a normal form, i.e., no rule is applicable. O

ExampLE 11.18 Consider the following rectified formuldy(q — p) — =Vr(r — p) VvV
p. The Prenexing Algorithm applied to this formula yields

Jg(q¢ — p) = ~Vr(r—p)Vp=
Vq((g — p) = —~Nr(r — p)Vp) =
Vq((¢ — p) — Ir~(r —p)Vp) =
Vq((g — p) — Ir(=(r — p) Vp)) =
Vq3r((qg — p) — —(r — p) Vp).

Time 9:40 draft February 7, 2008



164 11.2 Normal Forms

Prenexing rules:
FpFiX. .. XF, = HVp(lex .. XXFn)

VpFl — F2 = E]p(Fl — FQ) E]pFl — F2 = Vp(Fl — FQ)
F1 — Vng = \V/p(Fl — FQ) F1 — E|pF2 = Hp(Fl — FQ)

—-VpF = dp-F —-dpF = Vp-F

Figure 11.1: Prenexing rules

The quantifiers pushed out at each transformation step atedhn this picture. Note that
a different sequence of transformation can result in amiffe(but equivalent) prenex form.
For example,

(¢—p)—-Vr(r—pVp=
dq(¢ = p) — Ir—-(r—p)Vp=
Jq(q¢ = p) = Ir(~(r —p)Vp) =
Ir(3¢(q —p) = ~(r —p)Vp) =
Irvq((q — p) — =(r — p) Vp).
Therefore, the set of rewrite rules for prenexing is not agrit. However, the resulting
prenex formula is equivalent to the original one, see Leminadl O

Note that it is essential that the formula used in the premgexrigorithm be rectified.

For example, take the formul& def Vp(p) A p. This formula is not rectified. The first
prenexing rule applied to this formula yield®(p A p). This formula is not equivalent to
F.

LEMMA 11.19 All rules of Figure 11.1 are equivalence-preserving whepligal to recti-
fied formulas.

PROOE Later. O

Note also that each of the prenexing rules rewrites a regtiiemula into a rectified one.
Note also that there is no prenexing rules for equivalence €nnot define simple prenex-
ing rules for equivalence. Indeed, the formulal’ — F; is, in general, neither equivalent
to Vp(Fy <« Fy), nor todp(F, <« F3). Equivalences must be eliminated from the formula
before prenexing.

THEOREM 11.20 Let F’ be a rectified formula without occurrences of equivalenddsn
the Prenexing Algorithm terminates on the inguaind returns a prenex form df.

PROOFE Termination is obvious. The equivalence Bfand a normal form obtained by the algo-
rithm follows immediately from Lemma 11.19. It remains taethat any normal form is a prenex
formula. il
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CHAPTER 11. QUANTIFIED BOOLEAN FORMULAS 165

11.2.2 Conjunctive Normal Forms

In this section we introduce a notion of conjunctive normainf of quantified boolean
formulas. Conjunctive normal form is used in many systemglémenting satisfiability-
checking for such formulas.

DerFINITION 11.21 (CNF) A quantified boolean formukais in conjunctive normal form
or simply CNF, if it is either L, or T, or has the form¥/p; ... ¥,p,.F1, wheren > 0
and F; is a propositional formula in conjunctive normal form. A fiaula G is called a
conjunctive normal form of a formul&’ if G is equivalent toF' and G is in conjunctive
normal form. O

In other words, a formula is in CNF if it is prenex and its prepional part is in CNF.

One can obtain a simple CNF transformation algorithm by damb Standard CNF
Transformation Algorithm 5.4 on page 62 and the PrenexingoAihm. However, one
has to be careful, since the Prenexing Algorithm is subjeddame restrictions: firstly,
it does not work with formulas containing equivalences,osety, it can be incorrect on
formulas which are not rectified. The first problem is easywercome, since the rewrite
rules used for the CNF transformation eliminate equivadsnanyhow. To cope with the
second problem, one has to rename bound variables in newdjneld formulas as soon as
these formulas are not rectified, see Example 11.23 below.

ALGORITHM 11.22 (CNF Transformation) An algorithm transforming fadas to their
CNFs is given by the union of the rewrite rule systems of Fegu on page 63 for obtaining
CNF of a propositional formula and of Figure 11.1 for obtamprenex form of rectified
formulas. If at any stage we obtain a formula that is not fiectj we also apply renaming
of bounded variables to obtain a rectified formula. Givenrgui formulaG, we apply the
rewrite rules to it as follows. I&7 is rectified, then we simply apply any applicable rewrite
rule. Otherwise, we rename bound variable§/ito obtain a rectified formula. O

ExAmMPLE 11.23 Consider the following formula:

Vp(Yq(q V p) < p).

Let us transform this formula into CNF. We cannot apply argnexing rule to this formula,
because the quantifiety is in the scope of equivalenge. So we use the rewrite rule for
removing equivalence obtaining

Vp((Vg(q vV p) — p) A(p — V(g V p))).

This formula is not rectified despite that the original folenwas rectified, so we have to
rename bound variables in it to obtain a rectified one:

Vp((Vq(q vV p) — p) A(p — Vr(rVp))).
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11.3 Checking Satisfiability of Quantified Boolean Formlas by Splitting

Now we can apply prenexing rules to obtain a prenex formula:

Vp((Ya(q Vv p) — p) A (p — ¥r(r Vp)))
Vp((Ya(q V p) — p) ANr(p — (r Vp)))
Vpvr((Yg(qVp) —p) A (p— (rVp)))
Vpvr(3g((gVp) —p) A (p— (rVp)))
vpvrdq(((q vV p) — p) A(p — (1 V p))).

To obtain a formula in CNF, it remains to apply the rewriteegilised to obtain CNF of a
propositional formula:

44l

Vpvr3q(((qVp) = p) A(p — (r Vp))) =
vpvrdg(((=(gVp) Vp)A(p— (rVp))) =
Vpvrig(((mgA—p) Vp)A(p= (rVp))) =
Vp¥rq(((—g A —p) M p) A (=p V1V p)) =
Vp¥rq((—gV p) A(=pVp) A(=p VTV p)).

The resulting formula is in CNF. O

THEOREM 11.24 (CNF)Let G be a quantified boolean formula. Then the algorithm ter-
minates orG and returns a CNF of.

PROOE Later O

11.3 Checking Satisfiability of Quantified Boolean Formulasy
Splitting

In this and the next sections we will modify the splitting@lighm and the DLL algorithm to
deal with quantified boolean formulas. The new algorithnessemilar to their propositional
analogues, except for two points. Firstly, the universgiantified variables are treated
differently from the existentially quantified ones. Sedgneve cannot any more split on
variables in an arbitrary order.

Before formulating a satisfiability-checking algorithme wrill make a few simplifying
assumptions. The splitting algorithm for propositionainfolas is based on Lemma 4.4:
I E —p, then F' is equivalent tonl in I, and similarly for/ £ p. We need a similar
lemma for quantified boolean formulas, but we also have &t geantified variables. By
Lemma 11.7 satisfiability-checking for arbitrary quantifisoolean formulas can be re-
duced to satisfiability-checking for closed quantified leaol formulas. By Lemma 11.6,
for closed formulas the notions of truth in an interpretatand satisfiability coincide, so
there is no need to deal with interpretations at all.

The following lemma is a syntactic analogue of Lemma 4.4 Wisierves as a basis for
the splitting algorithm.
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Simplification rules forT: Simplification rules forL:
-T = | L =T
TANRIAN...NF, = FIAN...\NF, IANFAN...ANF, = L
TVFV...VF, = T lVvRV...VF, = F|V...VFE,
F—-T =T T—F = F F—1 = -F 1l—-F =T
FeT=F ToF=F Fel=-F Lo F = F
VpT = T Vpl = L
IpT = T dpl = L

Figure 11.2: Simplification rules for quantified booleamfiotas

LEMMA 11.25 (i) A closed formula/pF' is true if and only if the formulaﬁpl andF][,T are
true. (ii) A closed formuladpF is true if and only if at least one of the formulﬂ%L and
Fistrue.

PROOEFE Later O

The splitting algorithm for propositional formulas is bds#n two ideas: splitting into
F][,L and FpT and simplification of formulas containing and T. When we extend it to
guantified boolean formulas, we will have to extend both thattment of splitting and the
simplification rules. For the latter, we add simplificatiates for quantifiers to the rules of
Figure 4.5 on page 46. The extended set of rules is given wr&ifyl1.2. It is not hard to
prove that these rewrite rules are equivalence-preserviag the right-hand side of every
rule is equivalent to its left-hand size.

Let us introduce a useful notation. LEt= ¥1p; ... ¥,p,G be a prenex formula such
thatG is a propositional formula. We call tlwtermost prefixf F' the longest subsequence
Fipy ... npr Of F1py ... ¥pup, Such thatyy = ... = . For example, the outermost
prefix of any formula of the fornvp; 3p,3p3s G’ is Vp1. The outermost prefix aip3q(p A q)
is dpdq.

ALGORITHM 11.26 (Splitting) The splitting algorithm for quantifiedddean formulas is
shown in Figure 11.3. The algorithm is parametrized by atfoncelect_signed_variable(G),
whereG is a closed prenex formula. This function returns a ai) such thatp is a
variable occurring in the outermost prefix 6fandb is a boolean value. The function
simplify (F') simplifies the formulaf” using the rules of Figure 11.2. The input to the algo-
rithm is a closed rectified prenex formula. O

Let us make a few comments about this algorithm. The varigldelected by the
function select_signed_variable is used for splitting. When the quantifiés is v, we use
the equivalence/pG’ = (G')S" A (G7)52. We always havgGy, G} = {1, T}, so the
function select_signed _variable not only selects the variabje but also decides which one
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11.3 Checking Satisfiability of Quantified Boolean Formlas by Splitting

procedure splitting(G)
input: closed rectified prenex formul@
output: 0 or 1
parameters: function select_signed _variable
begin
G : = simplify(G)
if G = 1L thenreturn 0
if G = T thenreturn 1
Let G have the fornd/p; ... 3pGq
(p,b) : = select_signed_variable(G)
Let G’ be obtained front7 by deleting=/p from its outermost prefix
ifb=0
then (G1,Gz) 1= (L, T)
else(G1,Gy) 1= (T,1)
case(splitting((G')5"), ¥) of
(0,V) = return 0
(0,3) = return splitting((G')$?)
(1,V) = retumn splitting((G')$?)
(1,3) = return 1
end

Figure 11.3: The splitting algorithm for quantified booldarmulas

of the formulasL, T should be tried first. IfG’)$" evaluates t®, thenVpG’ evaluates to
0 too, so there is no need to evaluéﬁé’)ff% The case whe# is 3 is similar.

As in the case of the splitting algorithm for propositionatrhulas, the behaviour of
this algorithm is best illustrated by a tree whose nodesadrellled by formulags such that
splitting(Q) is called. This tree is called ttsplitting tree The arcs in the splitting tree are
labelled by signed atoms= 0 or p = 1 selected by the functiogelect_signed_variable.
The boolean valué (respectivelyl) is used when we tryG’ ); (respectively(G’ );,r ) first.
Unlike the propositional case, there are two kinds of nodd$D-nodes (additionally la-
belled byA) and OR-nodes (additionally labelled . They correspond respectively to
the cases whefi/ = V and3/ = din the algorithm. When we have an AND-node (respec-
tively, OR-node) in the tree, the result is the conjunctimspectively, the disjunction) of
the results collected on the branches. Consider two example

ExAmMPLE 11.27 Consider the (true) formut3gq(p < ¢). Two different splitting trees
for this formula are given below.
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Vpﬂqpﬁq Vpﬂqpﬁq
Jq(—q) Jq(—q)

AR ARSI R VAN

As one can see from this example, the order of selecting begncan influence the size of
the splitting tree (but not the result!). O

ExAMPLE 11.28 Consider the (false) formulgyVp(p < ¢). A splitting tree for this
formula is given below.

It follows from these examples that, in general, one canelecs arbitrary variables to split
upon, since the result can then become incorrect. The splihles must be selected from
the outermost quantifier prefiX'p; ... ¥ps. O

It follows from Monotonic Replacement Theorem 11.8 that\fariables having only
occurrences of the same polarity, itis not necessary tadensvo truth values, which gives
us an analogue of the pure atom rule. However, this analagoetiso straightforward as
for propositional formulas. Consider, for example, thenfala I = 3p(p). This formula
is true. The variable has only a positive occurrence in it, so to get the vdluae have
to replace this occurrence by. Consider now the formulé’ = Vp(p). This formula is
false, but to get the valu@we have to replace by L rather than byT. As in the case of
propositional formulas, it is sufficient to consider a sighlue forp, but now this value
depends not only on the polarity, but also on the quantifiedibg p.

The pure atom rule for quantified boolean formulas is basetheriollowing lemma
which generalizes Pure Atom Lemma 4.15 on page 54.

LEMMA 11.29 (Pure Atom)Letp be a boolean variable anél' be a formula.

(1) If all occurrences op in F' are positive, therdpF' is equivalent tonT andVpF' is
equivalent toF;".
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11.4 The DLL Algorithm for Quantified Boolean Formulas

(2) If all occurrences op in F' are negative, thealpF' is equivalent tonl,L andVpF'is
equivalent taF .

PROOE Later.... O

Consider, for example, the formulaVq(p — ¢). The variablep has only negative occur-
rences irvq(p — q), so by the Pure Atom Lemma this formula is equivalent¢ol — q).
By simplifying this formula, we obtaifl without even considering any truth value for

11.4 The DLL Algorithm for Quantified Boolean Formulas

As in the case of propositional formulas, the clausal ansdogf the splitting algorithm is
obtained by considering formulas in CNF and adding unit pgapion. We will also refer
to it as the DLL algorithm. However, unit propagation for DEdrmulas is different from
that for propositional formulas in the case of universallantified variables. To illustrate
the difference, consider the simple formiia(p). If we apply unit propagation to the set
of clauses{p}, we obtain the empty set of clauses, which is satisfiableeathi# formula
Vpp is satisfiable. Therefore, unit propagation does not workectly for this example
and should be modified. The difference with unit propagaiiothe case of propositional
satisfiability comes from the fact thatis universally quantified, so any formula of the
form Vp(p A F) is unsatisfiable. In contrast, any formda(p A F) is equivalent toF|,
so for existentially quantified variables unit propagat@an be defined as in the case of
propositional satisfiability.

DEFINITION 11.30 (Unit Propagation) Lef be a set of clauses argl be a sequence of
quantifiers¥/1py .. .... ¥,.pn. We say that a set of clausés is obtained fromS by unit
propagation with respect t@ if S’ is obtained fromS by repeatedly performing the fol-
lowing transformation: ifS' contains a unit clause consisting of one litekabf the formp
or —p, then

(1) if Q containsVp then replaces by the set{O};

(2) otherwise do the following:

(a) remove fromS every clause of the formi v C’;
(b) replace inS every clause of the formh vV C” by the clause””. g

ALGORITHM 11.31 (DLL for quantified boolean formulas) The algorithmsl®wn in Fig-
ure 11.4. The functionelect_literal selects a literab or —p such thap occurs in the outer-
most quantifier prefix ofip; ... ¥p,,. To evaluate a closed rectified formulaof the form
Fip1 ... ¥opnG, WhereG is a propositional formul@’; A ... A C,, in CNF, we run the al-
gorithm on the sequence of quantifiéss; p; ... ¥, p, and set of clausef’1, ..., Cy,.}).
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procedure DLL(Q, S)
input: sequence of quantifiel@ = F/1p; ... ¥, pn, Set of clauses
output: O or1
parameters: function select_literal
begin
S 1= propagate(Q,S)
if S is emptythenreturn 1
if S contains™ thenreturn 0
L : = select_literal(F1p1 ... ¥ppn, S)
Let p be the variable of.
Let ()1 be obtained by deleting/, p from Q
case(DLL(Q1, S U{L}), ¥1) of
(0,V) = return 0
(0,3) = return DLL(Qy, S U{L})
(1,V) = return DLL(Q;, S U {L})
(1,3) =return 1

end

Figure 11.4: The DLL algorithm for quantified boolean foriasll

ExAMPLE 11.32 Consider the following formula in CNF:
IpVgIr((pV gV —r)A(pV =gV r)A(=pVgVr)A(=pVqV-r)).

The DLL algorithm on this formula is illustrated in Figure.b1l The splitting steps are
denoted by solid lines, while the unit propagation steps &ghdd lines. The formula is
true. U

One can add the pure literal rule to the DLL algorithm for difead boolean formulas
using Lemma 11.29. In addition to the pure literal rule, tlgoathm also admits another
rule which can be applied to eliminate some literals in adsus

Consider a quantifier prefi®. Introduce an order¢ on variables as followsp > ¢
if p occurs beforey in Q. For example, wheid) = Vpdq¥r, we havep >q q¢ >¢ 7.
This order is naturally extended to a partial order on ligeréor two literals L, Lo with
variablespy, po respectively, we havé, > L, if p; > po. For example, for the prefig as
above, we have >g —q, -p >¢ —¢, and—p >¢ ¢ because > ¢. We call a literalL
universal(respectively, existential) iy, if Q) containsvyp (respectivelydp) andp occurs in
L. For example for the prefig as above, the universal literals in this prefix arep, r, —r,
while the existential ones arg—q.

LEMMA 11.33 (Universal Literal Deletion)etG = Q(CiA...AC,,) be a closed rectified
CNF formula, where is its quantifier prefix. Suppose that soifigis not a tautology,
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IpVq3r
pVaqV-r
Yq3r p=0 pV-gVr
-p _— -pVqVr
pVaq\V-r “pVqV-r
pV-gVr V
-pVgVr
-pVaqV r
|
¥
Yq3r
g=0 [ 4V | g=1
r / —|q\/7‘ \ Jr
-q A q
qV —r qV —r
qVr qVr
| |
| |
dr dr
1 1

Figure 11.5: DLL algorithm on the formula of Example 11.32

contains a literalL universal inQ, and this literal is smaller w.r.t>¢ than any existential
literal in C;. Then removal ol from C; does not change the truth value@f

PROOE Later... O

Consider an example. Suppose that= VpdqVrds. Then any literal containing can be
removed from every non-tautological clause which does aptains.

This lemma also implies that, if there exists a claGseontaining only literals universal
in , then the formula is unsatisfiable. Indeed, all literals of this clause candmeaved
by Lemma 11.33, so we obtain the empty clause.

11.5 OBDD-Based Algorithms for Quantified Boolean Formu-
las

The expressive power of quantified boolean formulas is theesas the expressive power
of propositional formulas. This means that for every queettiboolean formula’ one can
effectively find a propositional formul&' equivalent toF'. In generalG cannot be found
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in polynomial time, unless NPPSPACE, but the observation about the equivalence of the
expressive powers of propositional and quantified booleamtlas shows that quantified
boolean formulas can be represented by OBDDs.

One can built OBDDs from quantified boolean formulas using@DBConstruction Al-
gorithm 10.14 on page 144 modified for quantified boolean édamThe only change to the
algorithm is that closed formulas are evaluated t0 or 1 using any satisfiability-checking
algorithm for quantified boolean formula. There exists, o, a different algorithm for
building an OBDD based oguantifier elimination We will describe such an algorithm
below, since it will also be useful for model checking prasex$ defined in the subsequent
chapters.

Quantifier elimination takes a quantified boolean formuld agturns an equivalent
propositional formula. We are interested in performingrgiiieer elimination directly on
OBDDs. That is, we will define an algorithm which, given an OB for a formulaF’,
computes an OBDD for a formulgp; ... 3p,F or Vp; ...Vp, F, where{p1,...,p,} is a
subset of variables af.

As any other OBDD algorithm, the quantifier elimination aitfom analyzes the OBDD
d for F' top-down, but builds the resulting OBDD bottom-up. As angestOBDD algo-
rithm, it works on a global dad@ containing at least the input OBDD fdr, but maybe
some other OBDDs. For simplicity, we only present an algamitwhich eliminates exis-
tential quantifiers, the reader can easily build a similgoathm for eliminating univer-
sal quantifiers. As one can guess, the algorithm for elirmgagxistential quantifiers is
very similar to the algorithm for building the disjunctiofh ©BDDs, see Figure 10.12 on
page 151.

ALGORITHM 11.34 (Quantifier Elimination in OBDDs) An algorithm for quiier elim-
ination in OBDDs is given in Figure 11.6. In this algorithm is a global dag which
satisfies all conditions 1-6 of the definition of BDDs and whaontains OBDDs rooted

atni,...,n,, as subdags. The functionaz_variable(ny,...,n,) returns the maximal
variable occurring in the OBDDs rootedaf, . . . , 7. O
THEOREM 11.35 Letny, ..., n,, be nodes representing formul&s, . . . , F,,,, respectively.
Thenez_elim({p1,...,px},{n1,...,nn}) returns a node: representing a formula equiv-
alenttodp; ... 3pk(F1 V...V Ey). O
Exercises

EXercISE11.1 Show how to derive Equivalent Replacement Theorem fvtumotonic Replace-
ment Theorem for formulas withowut. O

EXeERCISE11.2 Draw parse trees for the following formulas:
(1) Vp(p — Jq(g A —p) Vq) < pAVq(r — p).
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procedure ex_elim({p1,...,pr}, {1, .., nm})
parameters a dagD containingn, . .., n.,, and [0], [1] as nodes
input: nodesn,...,n,, representingsy, ..., F, in D
output: a noden representinglp; ... 3pi(F1 V ...V Fy,) in (modified) D
begin
if m = 0 then return [0]
if m =1 andk = 0thenreturn ny
if somen; is [0] then
return ez_elim({p1,...,pk},{n1,- i1, Nit1,- s })
if somen, is [1] then return
p = maz_variable(ny, ..., Ny)
forall i=1...m
if n; is labelled byp
then (l;,r;) = (neg(n;), pos(n;))
else(l;,r;) @ = (ng,n;)
ifpe{p,...,p}
thenreturn ex_elim({p1,...,pr} — {p},{li, -, lm, 71, -y Tm})
else
ky = ex_elim({p1,...,px},{l1,- -, lm})
ky = ex_elim({p1,... Pk}, {1, -, Tm})
if k1 = ko thenreturn k;
return integrate(ky,p, ko, D)

end

Figure 11.6: An algorithm for eliminating existential quiéiers in OBDDs

(2) Yp(p — 3q(q — Vr(pV gV r))).
Q) (vp(3rr—p)— g A(Ve(3rr — q) — p). O

ExXercISE11.3 For each of the formulas of Exercise 11.2, underline éecurrences of variables
in it. Which of these formulas are closed? O

Exercise11.4 Which of the formulas of Exercise 11.2, are rectifiedZtiRethe non-rectified
formulas by renaming bound variables in them. O

EXERCISE11.5 Find quantified boolean formulasandG such that the formulspF — G is not
equivalent tadp(F — Q) (cf. Figure 11.1). O

EXeERCISE11.6 Transform the following formulas into prenex form:

(1) Vp-pVVpp — —p;
(2) Vpp — 3Jp p. 0
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EXERCISE11.7 Transform the following formulas into CNF:
(1) Vp(p < (YgIr(g — pAT)));
(2) Ya(Yp(p — q) — Vp(=q — p));
(3) Yq(Vp(=g — p) — Vp(p — q)). 0

EXERCISE11.8 LetF = F1p; ... ¥upn(Ci A ... ACy,) be a quantified boolean formula in CNF,
p, q be boolean variables, and each cladsdor i = 1...m contains at most one occurrence of
p, q, thenVpdqF is equivalent tadgVpF'. O

EXERCISE11.9 Evaluate the following formulas using the Splittingyatithm:
(1) Ir¥q3p(p < ((p — 1) < q));
(2) Vrq3p(p < ((p — 1) < q));
() Ya(vp(p — @) — Yp(—~q — p));
(4) Yq(Vp(—q — p) = Vp(p — q)). 0

EXERCISE11.10 For each formula of Exercise 11.9, make a table camgisf its subformulas,
their positions and polarities. O

EXeERCISE11.11 Foreach of the following formulas, show how one campéifgnthe formula using
Pure Atom Lemma 11.29.

(1) ¥p(p — 3gFIr((g A —r) V —p));
(2) Yq(Vp(—q — p) — Vp(p — q)). O

EXERCISE11.12 Design an algorithm for eliminating universal quiéats in OBDDs, similar to
Algorithm 11.34. O

EXeERCISE11.13 Evaluate the formulas of Example 11.9 using the faligwlgorithm. First, build
an OBDD which represents the propositional part of the fdamtihen apply quantifier elimination
to the OBDD until all quantifiers are eliminated. O
EXeERCISE11.14 Consider the following formula in CNF:

VsIpVgIr((—-pV gV rVs)A(—pVagV-rVs)APVg A({VqgV-rV-s)).

Evaluate this formula using only the pure literal rule and propagation. O

EXeERCISE11.15 For each of the following formulas in CNF, evaluatefdrenula using only the
pure literal rule, universal literal deletion, and unit pagation.

(1) VYpIg¥sIr((pV gV s)A(pV gV —r)A(pV -qgVrV=-s));
(2) IpVgIrVs((pV gV s) A(—pV gV r)A(=gV -rVs)). O
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EXERCISE11.16 Consider the following formula in CNF:
FpAgvras((pV —r) A(=gVr)A(-pV gV s)A(-pVqgVrV-s)).
Evaluate this formula using only universal literal delatand unit propagation. O

EXeERCISE11.17 Evaluate each of the following formulas using DLL:

(1) VsIpVgIr((-pV gV rVs)A(=pV gV -rTVs)APVgA{PVqgV-rV-s));

(2) Vpgv¥sIr((pV gV s) A(pV gV —rV-s)A(pV-gVrV-s));

(3) Ipdgvras((pV —r)A(=gVr)A(-pVqgVs)A(-pVgqgVrV-s)). O
EXERCISE11.18 The structure-preserving clausal form transforomefor propositional formulas
introduced new boolean variables as names for subformufase apply it to a formulaF’, the
obtained clausal forrtv is, in general, not equivalent . Suppose that,, . . ., p,, are all new vari-

ables introduced during the transformationfofnto its clausal formz. Show thatF is equivalent
to the quantified boolean formuta; . .. 3p,,G. O

EXERCISE11.19 Extend the splitting algorithm to work with non-prerfiermulas. O

EXERCISE11.20 A formulaF has the following OBDD.
@
RN
@ @
avh
©.. N/ _©
//

Apply the quantifier elimination algorithm to this OBDD totain
(1) the OBDD for the formulap3rF;
(2) the OBDD for the formulagF'.
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