
Chapter 14

Linear Temporal Logic LTL

What then is time? If no one asks me, I know: if I wish to explain
it to one that asketh, I know not.
St. Augustine’s Confessions

A good deal of work in the philosophy of time has been produced
by people worried about Fatalism, which can be understood asthe
thesis that whatever will happen in the future is already unavoid-
able (where to say that an event is unavoidable is to say that no
human is able to prevent it from occurring).
Stanford Encyclopedia of Philosophy
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In this chapter we define a logic that can be used for expressing temporal properties of
concurrent systems. This logic extends propositional logic by severaltemporal operators.
Such logics are generally known astemporal logics. There are several temporal logics used
in model checkers, each one has its own collection of temporal operators. In Chapter 16 we
will consider two other temporal logics:CTL∗ andCTL.

14.1 Computation Trees

The set of all possible behaviors of a transition system or a transition system can be defined
through a notion ofcomputation tree.
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210 14.1 Computation Trees

DEFINITION 14.1 (Computation Tree, Computation) LetS = (S, In , T,X , dom , L) be a
transition system ands ∈ S be a state. Thecomputation tree for S starting at s is the
following (possibly infinite) tree.

(1) The nodes of the tree are labeled by states inS.

(2) The root of the tree is labeled bys.

(3) For every nodes′ in the tree, its children are exactly such nodess′′ ∈ S that(s′, s′′) ∈
T .

A computation path for S is a sequence of nodess0, s1, . . . such that

(1) for all i we have(si, si+1) ∈ T ;

(2) if the sequence is finite, i.e., it has the forms1, . . . , sn, then there exists no states
such that(sn, s) ∈ T . ❏

In other words, a computation path is any maximal sequence ofstates through which a
computation may go by applying the transitions.

It is not hard to argue that computation trees and paths have the following properties.

(1) Computation paths for a transition system are exactly all branches in the computation
trees for this transition system.

(2) Let n be a node in a computation treeC for S labeled bys′. Then the subtree ofC
rooted ats′ is the computation tree forS starting ats′. In other words, every subtree
of a computation tree rooted at some node is itself a computation tree.

(3) For every transition systemS and states there exists a unique computation tree forS

starting ats, up to the order of children.

For example, a part of a computation tree for the transition system of Example 13.3
is given in Figure 14.1 on the next page. Likewise, a part of a computation tree for the
transition system of Example 13.5 is given in Figure 14.2 on page 212. In the latter figure
we label the arcs of the computation tree by the names of the corresponding transitions. The
trees can be obtained by “unwinding” the corresponding state transition graphs (see, e.g.,
Figure 13.2 on page 200).

One can note that the computation tree is a convenient objectfor discussing possible
temporal behaviors of the transition system, since assertions about possible temporal be-
haviors can be conveniently formulated as properties of paths in the tree and states on these
paths. Consider, for instance, two examples of temporal properties of the vending machine
transition system:

(1) There is no state in which a professor and a student are both customers.
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 211

xs1:

xs1: s2:

xs1: s2:

xs1: s2:

xs1:

xs1:

Figure 14.1: Computation tree for Example 13.3.

(2) Students never drink coffee.

To express the first property, we can say that atall states in the tree we havecustomer 6=
student ∨ customer 6= prof . Or, alternatively, we can say that forevery path in the tree and
every node on this path we havecustomer 6= student ∨ customer 6= prof .

The second property can be reformulated in terms of paths andstates as follows:for
every path in the tree andtwo consecutive states s1, s2 on this path, ifs1 � customer =
student ∧ disp = coffee, thens2 � disp = coffee.

14.2 LTL

In this section we introduce a logic in which one express properties of paths in a compu-
tation tree. In particular, properties such as “for some state on the path” or “for every two
consecutive states” can be expressed. This logic is calledlinear temporal logic, or simply
LTL

DEFINITION 14.2 (Formula ofLTL) The notion of anLTL formula is defined inductively
as follows.

(1) ⊤ and⊥ are formulas.

(2) Every atomic formulax = v of PLFD is an (atomic) formula ofLTL.

(3) If A1, . . . , An are formulas, wheren ≥ 2, then(A1 ∧ . . .∧An) and(A1 ∨ . . . ∨An)
are formulas.

(4) If A is a formula, then¬A is a formula.

(5) If A andB are formulas, then(A → B) and(A ↔ B) are formulas.
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 213

Connective Name Priority
⊤ verum
⊥ falsum
¬ negation 0
h next 0

always 0
♦ eventually 0
U until 1
R release 1
∧ conjunction 2
∨ disjunction 2
→ implication 3
↔ equivalence 4

Figure 14.3: Connectives and Temporal Operators

(6) If A is a formula, then hA, ♦A, and A are formulas.

(7) If A andB are formulas, thenAUB andARB are formulas.

The symbols h,♦, ,U,R are calledtemporal operators. ❏

Sometimes we will simply refer to the formulas ofLTL (and formulas ofCTL∗ introduced
in Chapter 16) astemporal formulas.

The connectives and temporal operators ofLTL are summarised in the table of Fig-
ure 14.3. We will omit parentheses in theLTL formulas according to thepriorities given in
this table: horizontal lines divide connectives and operators with different priorities.

Before we define the semantics ofLTL formulas formally, let us try to explain their
meaning informally. The formulas ofLTL are true or false of computation paths, that is,
sequences of statess0, s1, . . .. The formula A means thatA is true atall states along the
path. The formula♦A means thatA is true atsome state on the path. The formulahA

means thatA is true at thenext state after the initial one, that is, ats1. The formulasAUB

andARB are slightly more complex and will be explained below.

DEFINITION 14.3 (Semantics ofLTL) Let π = s0, s1, s2 . . . be a sequence of states and
A be anLTL formula. We define the notionA is true on π, denoted byπ � A, by induction
on A as follows. For alli = 0, 1, . . . denote byπi the sequence of statessi, si+1, si+2 . . .

(note thatπ0 = π).

(1) π � ⊤ andπ 2 ⊥.

(2) π � x = v if s0 � x = v.
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214 14.2 LTL

hA

♦A

A

AUB

ARB

A · · ·

· · · A · · ·

A A · · · A A A · · ·

A A · · · A B · · ·

B B · · · B B B · · · or

B B · · · B AB · · ·

Figure 14.4: Semantics of temporal operators

(3) π � A1 ∧ . . . ∧ An if for all j = 1, . . . , n we haveπ � Aj ;
π � A1 ∨ . . . ∨ An if for somej = 1, . . . , n we haveπ � Aj .

(4) π � ¬A if π 2 A.

(5) π � A → B if eitherπ 2 A or π � B;
π � A ↔ B if either bothπ 2 A andπ 2 B or bothπ � A andπ � B.

(6) π � hA if π1 � A;
π � ♦A if for somei = 0, 1, . . . we haveπi � A;
π � A if for all i = 0, 1, . . . we haveπi � A.

(7) π � AUB if for somek = 0, 1, . . . we havepk � B andp0 � A, . . . , pk−1 � A;
π � ARB if for all k ≥ 0, eitherπk � B or there existsj < k such thatπj � A. ❏

Two LTL formulasA andB are calledequivalent, denotedA ≡ B, if for every pathπ we
haveπ � A if and only if π � B. ❏

When we consider a pathπ and pathsπi as in this definition, instead of saying that a
temporal formulaA is true onπi we will sometimes say thatA is true at the statesi on the
pathπ.

The semantics of the temporal operators ofLTL is illustrated in Figure 14.4. Less for-
mally, it can be explained as follows (we write in parentheses the name of the corresponding
temporal operator).

h (next) The formula hA holds, ifA holds at the next state on the path.
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 215

♦ (eventually) The formula♦A holds, if A eventually occurs, i.e.,A holds at some
state on the path.

(always) The formula A holds, if A holds globally, i.e., at every state along the
path.

U (until) The formulaAUB holds, if A holds untilB occurs, i.e., there is a state on
the path at whichB holds, and at every state beforeA holds.

R (release) The formulaARB holds, if, whenever¬B occurs at a state on the path,
A occurs before. Or equivalently, eitherB holds globally on the path, orA occurs
before the first state at whichB is violated.

14.3 Expressing Properties of Transition Systems inLTL

The formulas ofLTL express properties of paths in computation trees, hence they are rele-
vant to temporal properties of transition systems or transition systems. But we know that the
set of all possible behaviors of a transition system is identified by its computation tree, so
what is the meaning of these formulas when we discuss properties of transition systems? A
computation tree for a transition systemS can be identified with the collection of its paths.
We know that these paths describe all possible computationsof this transition system. So if
we have anLTL formulaA, we can consider at least two kinds of properties ofS:

(1) doesA hold onsome computation path forS from an initial state?

(2) doesA hold onall computation paths forS from an initial state?

The two properties are dual to each other. It is not hard to argue thatA holds on some
computation path if and only if it is not true that¬A holds on all computation paths. Vice
versa,A holds on all computation paths if and only if it is not true that ¬A holds on some
computation path. This means that, if we can express one of the properties, we can also
express the other one. For this reason, we will sometimes refer to temporal formulas as
expressing properties of transition systems. In such caseswe will try to be careful enough
to explain which of the two properties we have in mind.

Reachability and safety properties. A state is calledreachable if there is a computation
path from an initial state leading to this state. Reachability is one of the most important
properties of transition systems in connection withsafety properties. Suppose thatunsafe

is a formula which expresses an undesirable property of a transition system. States satisfy-
ing unsafe are usually calledunsafe or bad. Then the system issafe if one cannot reach a
state at whichunsafe holds. Naturally, we would like to know whether the system issafe.
Reachability of a state satisfyingunsafe can be expressed as the existence of a path satis-
fying ♦unsafe. Then safety of the system can be expressed as non-reachability of a state
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216 14.3 Expressing Properties of Transition Systems inLTL

satisfyingunsafe, i.e., the property ¬unsafe. Naturally, this property must be held onall
computation paths.

A vending machine is not an especially dangerous device, so it is not easy to invent
interesting safety properties for it. One possible exampleof an unsafe behavior would
be serving beer to a professor, which can be expressed by the formula disp = beer ∧
customer = prof . Thus, the corresponding safety property is

(disp 6= beer ∨ customer 6= prof ).

Another natural example of a safety property for the vendingmachine transition system is
that the machine is never empty, i.e., there is always eithercoffee or beer in the storage. It
can be expressed by the following formula:

(st coffee ∨ st beer).

A bit more complex example is this: whenever there is a customer, the machine has a drink.
It can be expressed by the following formula:

(customer 6= none → st coffee ∨ st beer).

Mutual exclusion. Mutual exclusion is usually formulated as a property of concurrent
systems. It arises when two or more processes are not allowedto enter the samecriti-
cal section of a concurrent system simultaneously. Assuming that thereare two processes
P1, P2, and that formulascriticali, wherei = 1, 2 denote thatPi is in the critical section,
mutual exclusion can be expressed by

¬(critical1 ∧ critical2).

Some natural mutual exclusion properties for the vending machine example are the follow-
ing. First, coffee and beer cannot be in the dispenser simultaneously:

¬(disp = coffee ∧ disp = beer).

Likewise, we may want to express that a professor and a student cannot be customers at the
same time:

¬(customer = student ∧ customer = prof ),

Deadlock. Speaking very generally, a concurrent program is in adeadlock situation, when
no terminal state is reached, yet no part of the program is able to proceed. A transition
system or transition system is said to bedeadlock-free if no computation in it leads to a
deadlock. Assuming that the set of terminal states is represented by a temporal formula
terminal, we can express deadlock-freedom by the formula
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 217

( h⊥ → terminal).

This formula must be true on every path. Indeed, it is easy to see that the formulah⊥
means “there is no next state”, that is, no transition is possible. Likewise, we can express
reachability of a deadlock state as the existence of a state with the dual property

♦( h⊥ ∧ ¬terminal).

Termination and finiteness. Even if we do not have a notion of a terminal state, one can
defineterminal states as those from which no transition is possible. We know that a terminal
state can be represented by the formulah⊥. A transition system or transition system is
called terminating, if every computation in it leads to a terminal state. Termination for a
transition system is equivalent to the finiteness of all computation paths, which by König’s
Lemma is equivalent to the finiteness of every computation tree from an initial state. But a
computation path is finite if and only if it contains a deadlock state. Therefore, the following
formula expresses that the computation tree is finite:♦ h⊥ (provided that this formula
holds on every path).

Fairness. Usually, we are not interested in arbitrary computations ofa transition system,
as we know that some computations are impossible. For example, we know that the vending
machine must be recharged from time to time. This can be formulated as follows: on
every computation path, the recharge transaction occurs infinitely many times. This kind of
constraints imposed on the system: the system must from timeto time pass through a state
which satisfies some property, is called afairness constraint, and computations satisfying
fairness constraints are calledfair. For the vending machine example, one can impose
many natural fairness constraints. For example, we may require that the dispenser contains
a drink infinitely often, that students are customers infinitely often etc. Fairness w.r.t. a
property expressed by a formulaA means thatA holds infinitely often on all paths.

We claim that fairness w.r.t.A can be expressed by the following formula: ♦A. To
this end, take any pathπ = s0, s1, . . .. Denote byπj for j = 0, 1, . . . the pathsj, sj+1, . . ..
Let us prove the following property: for everyj = 0, 1, . . . there existsk > j such that
πk � A. Indeed, sinceπ � ♦A, we also haveπj+1 � ♦A. But this means that there
existsk ≥ j + 1 such thatpk � A. Evidently,k > j, so we are done. By this property,
there existsj0 > 0 such thatπj0 � A. Again by this property, there exists alsoj1 > j0 such
thatπj1 � A. By using this argument again and again we can build an infinite sequence of
numbersj0 < j1 < j2 < . . . such thatπjm

� A for all m, soA occurs infinitely often on
the pathπ.

In the proof that ♦A expresses thatA holds infinitely often we assumed that the path
is infinite. When the pathπ is finite, it is not hard to argue that this property implies that
A holds at the last state ofπ. We can ensure that the path is infinite by assertingh1.
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218 14.3 Expressing Properties of Transition Systems inLTL

Likewise, the property h♦A expresses thatA holds infinitely often and the path is
infinite.

Responsiveness. It is often the case in concurrent systems that one process sends requests
that have to be acknowledged (or responded to) by other processes. For such systems we
are interested in theresponsiveness property: whether every request is eventually acknowl-
edged. Assuming that the request is expressed by a formularequest and acknowledgement
by a formulaack, one can express responsiveness by the formula

(request → h♦ack).

If we also want thatrequest should remain true until it is acknowledged, responsiveness
can be expressed by the formula

(request → (request U ack)).

We can also require that the request formula and the acknowledgement formula be mu-
tually exclusive, i.e.,request should remain true until it is acknowledged, after which it
immediately becomes false. This can be expressed by the formula

(request → ((request ∧ ¬ack)U (¬request ∧ ack))).

Alternation. To give the reader an idea of other properties expressible inLTL, consider
the following example. Letπ = s0, s1, s2, . . . be a path. We claim that the formulaA ∧

(A ↔ ¬ hA) expresses the following property:A is true at the even statess0, s2, s4, . . .

and false at the odd statess1, s3, s5 on this path, as illustrated in the following picture:

A ¬A A ¬A A ¬A A · · ·

We will denote subpaths ofπ by π0, π1, . . . as before. Indeed, we haveπ0 � (A ↔
¬ hA), which implies that for alli, πi � A if and only if πi+1 � ¬A. Therefore, the value
of A changes from any state to the next state, and soA is either true exactly at all even
states or exactly at all odd states. Byπ � A means thatπ0 � A, soA is true at the even
states.

Interestingly enough, the property “A is true at the even states” is not expressible by an
LTL formula. This property can be illustrated by the following picture:

A ? A ? A ? A · · ·
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 219

where “?” means that the value ofA can be either0 or 1. It may seem that this property
is expressed by the formulaA ∧ (A → h hA). On the one hand, this formula implies
thatA is true at every even state. On the other hand, this formula isfalse on the following
path, on whichA is true at every even state:

A A A ¬A A A · · ·

14.4 Equivalences of Temporal Formulas

In this section we will consider several equivalences between temporal formulas. Studying
these equivalences will help us to understand theLTL operators.

Unwinding properties. These equivalences relate the value of a formula at a state toits
value at the next state.

♦A ≡ A ∨ h♦A;
A ≡ A ∧ h A;

AUB ≡ B ∨ (A ∧ hAUB);
ARB ≡ B ∧ (A ∨ hARB).

These equivalences are immediate, see Figure 14.4.

Negation of temporal operators. These equivalences express the negations of temporal
operators in terms of other operators. They show that there is a duality between♦ and
and a duality betweenU andR.

¬ hA ≡ h¬A;
¬♦A ≡ ¬A;

¬ A ≡ ♦¬A;
¬(AUB) ≡ ¬AR¬B;
¬(ARB) ≡ ¬AU¬B.

Expressing operators throughU. Operators♦, , andR can be expressed throughU

as follows.

♦A ≡ ⊤UA;
A ≡ ¬(⊤U¬A);

ARB ≡ ¬(¬AU¬B).

This shows thatLTL without the operators♦, ,R has the same expressive power asLTL.
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Exercises

EXERCISE 14.1 Formalize the following statements about the vending machine example inLTL.

(1) If the beer storage becomes empty, it gets recharged immediately.

(2) The beer storage becomes empty infinitely many times.

(3) The recharge transaction occurs infinitely often.

(4) Students never leave without a drink.

(5) Professors sometimes leave with a drink left in the dispenser.

(6) If a student forgets a coin in the coin slot, she (or another student) will use this coin to get a
drink before any professor can do this.

(7) If a professor forgets coins or drink at the machine, there immediately will be a student who
will come to the machine.

(8) If, when a professor arrives, there is a coin in the coin slot, then he leaves without getting a
drink.

(9) If a professor is currently at the machine, there will be no student at the machine for at least
the next three transitions. ❏

EXERCISE 14.2 Express inLTL the following properties (we assume a paths0, s1, . . .).

(1) If A occurs at least twice, thenA occurs infinitely often.

(2) A holds at all statess3k and does not hold at all statess3k+1, s3k+2, wherek = 0, 1, . . ..

(3) If A holds at a statesi, thenB must holds at at least one of the two states just beforesi, that
is si−1 andsi−2.

(4) A never holds at less than two consecutive states (that is, ifA holds at a statesi, it also holds
either at the statesi+1 or at the statesi−1). ❏

EXERCISE 14.3 What are the properties expressed by the followingLTL formulas?

(1) ♦ A.

(2) (A → gA).

(3) ¬AU A.

(4) AU¬A.

(5) ♦A ∧ (A → gA). ❏

EXERCISE 14.4 Find two different formulas from Exercise 14.3 that areequivalent to each other.
❏

EXERCISE 14.5 Show that the following formulas are not equivalent by giving a path that satisfies
one of them but does not satisfy the other one:
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 221

(1) ♦ A and (A → gA);

(2) ♦ A and¬AU A;

(3) (A → gA) and¬AU A. ❏

EXERCISE 14.6 Which of the formulas of Exercise 14.1 hold on every computation path from the
initial state for the vending machine example? Which of themhold on some computation paths?❏

EXERCISE 14.7 Consider a transition system with the following state transition graph.

x = 1

y = 0

x = 0

y = 1

x = 0

y = 0

Which of the following formulas are true on all paths?

(1) (x = 0 ∨ y = 0);

(2) ♦(y = 0);

(3) ♦(y = 1);

(4) (x = 1 → ♦y = 1).

Explain your answer. ❏

EXERCISE 14.8 For the transition system of Exercise 14.7, answer the following questions.

(1) Does the formulax = 1 symbolically represent the set of initial states?

(2) Find a symbolic representation of the transition relation.

❏

EXERCISE 14.9 Let the formulax symbolically represent the set of initial states and the formula
x ↔ ¬x′ the transition relation of a transition systemS over{x}.

(1) Draw the state transition graph ofS.

(2) Draw a path forS.

(3) Which of the following formulas are true along all paths in S?

(a) (x ↔ g¬x);

(b) (x ↔ g g¬x);
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222 14.4 Equivalences of Temporal Formulas

(c) (x ↔ g gx). ❏

EXERCISE 14.10 Let the formulax ∧ y symbolically represent the set of initial states and the
formula(x′ ↔ ¬x) ∧ (y′ ↔ (x ↔ y)) the transition relation of a transition systemS over{x}.

(1) Draw the state transition graph ofS.

(2) Draw a path forS.

(3) Which of the following formulas are true along all paths in S?

(a) (x ↔ g¬x);

(b) (x ↔ g gx);

(c) (y ↔ g g¬y).

(4) Show that for every formulaF the formula (F ↔ g g g gF ) holds along all paths in
S. ❏
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