Chapter 4

Satisfiability Checking

| can't get no satisfaction ... try and I try and I try and | try
The Rolling Stones
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Checking satisfiability of a set of propositional formulasaifamous decision problem
having a number of applications.

DEFINITION 4.1 (Satisfiability Problem)Satisfiability Problemis the following decision
problem. An instance is a finite set of formulas. The answgydas” if this set of formulas
is satisfiable. O

The satisfiability problem is NP-complete. In fact, it is anfethe most well-known NP-
complete problems. If you open a textbook on complexity thguropositional satisfiability
is likely to be the first NP-complete problem introduced iis tiextbook.

There is a connection between theorem proving in mathematid the satisfiability
problem (though for more general notions of formulas thas¢hpresented here). tmath-
ematics a theorem is usually presented in the following way. GivanmiulasA;, ..., A,
(the axioms or thetheory), prove a formulaG (the conjecturg. In mathematical logic
provability of G from A4,..., A, is equivalent to checking validity of the implication
A1 AN...NA, — G. Inautomated reasoninghis instance of the validity problem can
be represented as an instance of the (un)satisfiabilityigmobcheck that the set of formu-
las{A,..., A,,~G} is unsatisfiable.

Consider an example how a solution to a logical puzzle capfresented as an instance
of the satisfiability problem for propositional logic.
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4.1 Truth Tables

ExXAMPLE 4.2 (Russian Spy Puzzle) Consider the following logical zieizelated a fa-
mous Soviet film about the Second World War. There are thresops: Stirlitz, Muller,
and Eismann. It is known that exactly one of them is Russidnilewthe other two are Ger-
mans. Moreover, every Russian must be a spy. When Stirliggriduller in a corridor,
he makes the following joke: “you know, Miller, you are asr@an as | am Russian”. It
is known that Stirlitz always says the truth when he is jokiMge have to establish that
Eismann is not a Russian spy.

In order to formalize this joke in propositional logic, wetrinduce several boolean
variables denoting atomic propositions occurring in thezter These variables are

(1) GS, GM, GE denoting that respectively Stirlitz, Muller, or EismarsnGerman.
(2) RS, RM, RE denoting that respectively Stirlitz, Muller, or EismamnRussian.

(3) SS,SM, SE denoting that respectively Stirlitz, Mller, or Eismarsnai spy.

Let us try to express our knowledge about the puzzle usinggsitional formulas. A
possible formalization is shown in Figure 4.1 on the nextepag

The statement that exactly one of the three persons is Rwisgldle the other two are
Germans can be formalized as formyla in the figure. Formuld2) expresses that every
Russian is a spy. Finally, Stirlitz’s joke is formalized asrfiula (3). We also have to
formalize the hidden assumption that Russians are not Gexrsae formulagt)—(6).

To check that Eismann is not a Russian spy, we can add for(fjléo our list of
assumptions and show that the resulting set of formlag7) is unsatisfiable.

Note that using the notion of satisfiability we can formalaber questions about this
puzzle. For example, to show that Eismann can be a spy, weeptate(7) by the formula
SE and check that the resulting set of formulas has a modelt isesatisfiable. Likewise,
to show that Eismann can be not a spy, we can replace forgfiulay —~SE and check that
the resulting set of formulas is satisfiable too. O

4.1 Truth Tables

There exists a simple, but not very efficient, method of abgity checking by an explicit
enumeration of all interpretations for the boolean vagaldccurring in the formula. This
method is a straightforward extension of the formula e@nanethod illustrated in Exam-
ple 3.11 on page 36. As in that example, we build a table whose are the subformulas
of the formula checked for satisfiability. But instead of @otumn containing the values of
all subformulas in an interpretation we create severalmakj one for every interpretation
for the boolean variables of the formula. Such tables arellysoalledtruth tables We
will illustrate the truth table method as an extension ofiagée 3.11.
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(1) (RSNGM ANGE)V(GSNRMANGE)V (GSNGM A RE)

(2) (RS — SS)AN(RM — SM) A (RE — SE)

(3) RS < GM

(4) RS <GS

(5) RM < -GM

(6) RE < —-GE

(7) REANSE

Figure 4.1: The Russian Spy Puzzle
subformula Iy I Ib Is 1, Is Iz Ir

1l (p—=gNpAg—1)—(p—T) 11 1 1 1 1 1 1
2 p—r 1 1 1 1 0 1 0 1
3lp—=g9ANpAg—T) 11 1 1 0 0 0 1
4 pPAqg—T 11 1 1 1 1 0 1
5| p—yg 11 1 1 0 0 1 1
6 pAgq O o 0 0 o o0 1 1
7| p p P o o 0 0 1 1 1 1
8 q q 0o 0 1 1 0 O 1 1
9 r r 0 1 0 1 0 1 0 1

Figure 4.2: A truth table

ExAMPLE 4.3 Consider the formulal = (p — ¢) A(pA g — 1) — (p — r). There are
three boolean variables occurring in this formula, namely, r, hence there arg® = 8
interpretations to be considered. Let us build a table amd that of Example 3.11, but
with 8 columns representing these interpretations. Thie tebgiven in Figure 4.2. It
follows that the formula is true in all of these interpretat, and so it is valid. O

Using truth tables for satisfiability or validity checkingmot very effective. Indeed, if
the formula containga variables, then the number of possible interpretatiofs.istate-of-
the-art satisfiability checkers are able to routinely saleme instances of the satisfiability
problems with thousands of variables, which would be imitdssising truth tables. All
efficient methods of satisfiability checking use, in one arthar form, the following obser-
vation.

As we noted in Section 3.5, to evaluate a formula in an in&gtion, it is not neces-
sary to know the value of all variables in For example, if we know that(r) = 1, then we
also know that' (p — r) = 1, and hencd ((p — q) A(pAq— 1) — (p — r)) = 1. This
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44 4.2 Splitting

subformula Ipn I Ih I3
1l(p—=gAN(pAg—r)—(p—7) | 1 1 1 1
2 p—r 1 0 0 1
3lp—=g9ANpAg—T) 1 0 O
4 pAGg—T 1 1 0 1
5| p—yq 1 0 1
6 pPAq 0 0 1
7| p P P 0o 1 1
8 q q 0 1
9 r r 0 0 0 1

Figure 4.3: The compact truth table for the ordep, ¢

subformula I I Ib Is Iy
1l p—=gANpAg—1)—>(p—r) 1 1 1 1 1
2 p—rT 1 0 1 0 1
B3lp—=g AN(pAg—T) 1 0 0 0 1
4 pAGg—T 1 1 1 0 1
S| p—ygq 1 0 0 1 1
6 pAq 0O 0 0 1 1
7| p P P o 1 1 1 1
8 q q 0 0 1 1
9 r r 0O 1 0 1

Figure 4.4: The compact truth table for the ordeg, »

observation gives us an idea of more compact truth tableshioh some truth values are
unknown. For example, assuming that we consider the pessiith valued), 1 for r first,
thenp and thery, we will build the truth table given in Figure 4.3. If we ch@oa different
orderp, ¢, 7, we obtain the truth table given in Figure 4.4. Therefore,dize of the tables
can crucially depend on the order of evaluating the varg@bldis will become more clear
when we consider ordered binary decision diagrams (OBDD@)ralations between the
truth tables and OBDDs.

In the next section we consider the splitting method thathmaregarded as a syntactic
analogue of the compact truth tables.

4.2 Splitting

In this section we describe a simple method, ca#iplitting, of checking satisfiability of a
propositional formula or a set of formulas. The method isdamn considering truth values
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for boolean variables occurring in the formula asithplifying the formula depending on
these values. After simplification it may turn out that it &t mlways necessary to find truth
values forall boolean variables the formula.

To explain the idea of splitting, consider again the formgla— ¢) A (p Aq — r) —

(p — r). In every interpretatior such that/ F r, this formula is true sincép — ¢) A
pAhg—=T)—=p—-T)=pP—->g9NpPAqg—T)—T=T.If I #r, wecannot
say immediately what is the value of this formula but we knbatin this interpretation the
formula is equivalent tdp — ¢) A (p A ¢ — L) — (p — L), which can be simplified to
the equivalent formulgp — ¢) A =(p A q) — —p.

The splitting method can be considered both as a generatizat the formula evalua-
tion method based on simplification rules of Section 3.6, @sd as a syntactic analogue
of compact truth tables. In compact truth tables, as sooneaknaw a value of a subfor-
mula B, we try to propagate this value to subformulas in whiglccurs, and hopefully to
the evaluated formula itself. In the splitting method we liempent this propagation using
simplification rules that replace subformulas by equivatares.

The theoretical basis for the splitting method is the follogvsimple lemma. For ev-
ery propositional formulad and atonp, denote byA; and A; the formulas obtained by
replacing inA all occurrences gf by 1 andT, respectively.

LEMMA 4.4 Letp be an atomA be a formula, and be an interpretation.

(1) If I & —p, thenA is equivalent tad.- in 1.

(2) If I = p,thenAis equivalent tod) in I. O

PROOF We prove only the second part, the first one is similar. We Havel < p. By Lemma 3.8
on page 35 we have= A — AT, sol F Aifandonlyif 7= A]. O

This lemma implies the following theorem which serves asuaétation for the method
of splitting.

THEOREM 4.5 Let A be a formula ang be an atom. Thed is satisfiable if and only if at
least one of the formulad,) and A;- is satisfiable.

PROOF Suppose thatl is satisfiable. Then for some interpretatibwe havel = A. Consider the
case wherl F p (the casd E —p is similar). In this case by Lemma 4.4 we hal& A «— A;.

Therefore] = A, S0 A} is satisfiable.
Conversely, suppose thAﬂ is satisfiable (the case (A‘j is similar). Then for some interpre-

tation I we havel F A;. Define an interpretatioi’ as follows: for all boolean variableswe
have

oy def [ I(q), ifp#g
I(q>{l, if p=gq.
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4.2 Splitting

Simplification rules forT: Simplification rules forL:
-T = 1 -1l =T
TANAN...NA, = AN NA, LANAAN...NA, = L
TVAV...VA, = T 1VAV...VA, = A1V...VA,
AT =T T—oA= A A—1 = —A 1l—-A=T
AT = A T— A= A A1l = -A 1A= -A

Figure 4.5: Simplification rules fofF and_L

Note that/ andl’ agree on all boolean variables except mayb&ndp does not occur im;. This
andI F A] impliesI’ = A . We havel k p, so by Lemma 4.4 we havé = A — A]. Therefore,
I' E A and soA is satisfiable. U

This theorem can be applied to satisfiability-checking amidas. Given a formula
G, we select a boolean variabteoccurring inG and check whether at least one of the
formulas: G; and Gj is satisfiable. We can interleave this procedure of “splittiinto
the cases’] andG, with replacing the formula&/] andG; by equivalent but “simpler”
formulas.

To simplify formulas containing occurrences ofand L, we will use the rewrite rule
system on formulas given in Figure 4.5. These rules are eghpliodulo permutation of
arguments of\ andv, that is, we do not make a difference between a forniijla... A B,
and any formulaB;, A ... A B;,, whereiy, ..., i, iS a permutation of, ... n.

To illustrate these simplification rules, consider form(la of Figure 4.1 on page 43:
(RSAGMAGE)V(GSARMAGE)V(GSANGMARE). Letus replace the ato@E in this
formula by L. We obtain the formul@RS A GM A L)V (GSARMAL)V(GSAGM ARE).
We can apply the simplification rules as follows:

(RSAGM AL)V(GSANRM A L)V (GSAGM ARE) =
LV(GSARMA L)V (GSAGM A RE) =
(GSARM A L)V (GS A GM A RE) =
LV (GSAGM A RE) =
GS N GM N RE.

We could apply the simplification rules in a different ordaut the result will be the same
(see Exercise 4.6).
Observe the following properties of this rewrite rule syste

(1) This system is terminating since every rewrite step itegia formula into a formula
of a smaller size, so every formulacan be rewritten into a normal forifd’.

(2) A normal formB’ of B is equivalent taB3, moreover
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(a) every variable occurring iB’ also occurs inB;

(b) eitherB’ = T, or B’ = 1, or B’ contains no occurrences ofand_L.

Indeed, the equivalence & and B’ follows from the fact that in every rule of Figure 4.5,
the left-hand side of the rule is equivalent to its right-thaide. So, by Equivalent Replace-
ment Theorem 3.9 on page 3B is equivalent taB.

Before defining the splitting algorithm, let us introduce @ion of signed formula
which we will extensively use later.

DEFINITION 4.6 (Signed Formula) Aigned formulds an expressioml = b, whereA is
a formula and a boolean value. A signed formuka = b is true in an interpretation/,
denoted byl E A = b, if I(A) =b. If A =bistrue inI, we also say that is amodelof
A = b, or that] satisfiesA = b. A signed formula isatisfiableif it has a model. O

Observe the following properties of this definition:

(1) For every formulad and interpretatiol exactly one of the signed formulat = 1
andA = 0istrueinl/.

(2) Aformula A is satisfiable if and only if so is the signed formwua= 1.

A signed atonp = b can be considered as a truth assignment of the boolean v&duthe
variablep. The splitting method can be formalized as a sequence d¢f &sgignments to
variables of a formula.

ALGORITHM 4.7 (Splitting) The algorithm is shown in Figure 4.6 on thetngage. The
input is a formulaz. The output is either “satisfiable” or “unsatisfiable”. THgaithm is
parametrized by a functioselect _signed _atom which selects a signed atopn= b, where

p is an atom occurring id7. If the selected signed atomjs= 1, then the algorithm first
tries to find a model of+ in which p is true. If such an interpretation is not found, it tries
to a model ofGG in which p is false. If the selected atom js= 0, then the algorithm first
tries to find a model of7 in which p is false, and then a model 6fin which p is true. The
method is called “splitting” because the current g@ak “split” in two subgoals:G; and
G;. The functionsimplify used in the algorithm simplifies the formula using the resvrit
rules of Figure 4.5. O

This algorithm is best illustrated by a tree, called #péitting tree which encodes the
splitting steps. The nodes of the tree are labeled by forsnfitee formulaG at different
steps of the algorithm). If a signed atgm= 1 has been selected at some step, we mark
the children of the nodé by the formulasz, = simplify(Gy) andGy = simplify(G)) ),
and similar in the case when= 0 has been selected. Arcs of the tree are labeled by the
corresponding signed atoms.
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4.2 Splitting

June 6, 2009

procedure split(G)

parameters function select _signed_atom

input: formulaG
output: “satisfiable” or “unsatisfiable”
begin
G = simplify(Q)
if G = T thenreturn “satisfiable”
if G = 1 thenreturn “unsatisfiable”
(p=">) : = select_signed_atom(G)
caseb of
1=
if split(G,) ="satisfiable”
then return “satisfiable”
elsereturn split(Gy)
0=
if split(G;) ="satisfiable”
thenreturn “satisfiable”
elsereturn split(G,))

end

Figure 4.6: Splitting Algorithm for propositional satidfitity

VAN
G1 GQ

draft

ExamMPLE 4.8 Consider the negation of the formula of Example 48p — ¢)A(pAg —

r) — (p — r)). This formula is unsatisfiable. Two different splittingeeefor this formula

are given in Figure 4.7.
Observe the following:

(1) The size of a tree depends on the choices of signed atoues Inyethe algorithm.

(2) The order of choices on different branches may be difterd&or example, in the
leftmost branch of the leftmost tree a split on the varigbleas made but there was
no split onr, while in the rightmost branch of the same tree a split on dréabler
preceded a split op.

O

In the case when the formula is satisfiable, the size of tleertr@y also depend on the order
of selecting boolean values for variables, that is, whetherl or p = 0 is selected.
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“((p—=aANpAg—T1)—=(p—T)) (p—=a)Nprhg—71)—=(p—T))
—|ﬂp—> p~>r p~>r p~>r q/\ q~>r —»T
_/ \ T_V \ T_(/ \

p/ \1 q‘V Y”

Figure 4.7: Two splitting trees for the same formula

THEOREM 4.9 The Splitting Algorithm is sound, complete, and termirgtisore exactly,

for every formulaz, (i) if G is satisfiable then the algorithms terminates and returretits

fiable™; (ii) if G is unsatisfiable, then the algorithm terminates and retdtmsatisfiable”.
|

PROOFE Termination follows from the following observation. Evesplitting step decreases the
number of different variables occurring it indeed, every variable occurring in eithﬂgr or A
also occurs in4, but neither of these two formulas contains All other properties follow from
termination and Theorem 4.5. U

Note the following property of splitting trees. If the treentains an arc labeled hy= b
and connecting node4 and B, then for every interpretatioh such that/ (p) = b we have
I £ A —< B. Consider any branch in the tree connecting the forndtilaith a nodeT.
Let the arcs on this branch are labeledQy= b4,...,p, = b,. This property implies
that every interpretatio such that/ (p;) = b1, ..., I(p,) = b, satisfies5. Therefore, the
splitting algorithm can also be used to find models of sabi&fiformulas.

It is straightforward to modify the splitting algorithm fdinite sets of formulas. Such
a generalization is given in Figure 4.8 on the following pafjevorks with finite sets of
formulas instead of single formulas. The functi@mplify simplifies every member of the
set of formulas and removés from the resulting set.

A splitting tree using sets of formulas for the Russian spgzpaiis shown in Figure 4.9
on page 51. In this tree we write for every set of formulas containing. Since every leaf
of the tree isL, the initial set of formulas is unsatisfiable.
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4.3 Polarity of Subformulas

procedure split(G)
parameters function select_signed_atom
input: set of formulagy
output: “satisfiable” or “unsatisfiable”
begin
G = simplify(G)
if L € G thenreturn “unsatisfiable”
if G = ¢ then return “satisfiable”
(p="0) : = select_signed_atom(G)
caseb of
1=
if split(G, ) ="satisfiable”
then return “satisfiable”
elsereturn split(Gy-)
0=
if split(G;) ="satisfiable”
thenreturn “satisfiable”
elsereturn split(G, )

end

Figure 4.8: The Splitting Algorithm for sets of formulas

4.3 Polarity of Subformulas

In this section we introduce a notion pblarity of a subformula. This notion allows us to
introduce an important optimization in propositional sfibility algorithms.

Introduce an orde& on truth values by defining < 1 and consider the behavior of the
logical connectives w.r.t. this order. The ordeinduces the relatior on truth values: we
have0 < 0,0 < 1,1 < 1butnotl < 0. Recall the definition of monotonicity on functions
as applied to boolean functions.

DEFINITION 4.10 (Monotonic and anti-monotonic functions) U&t,...,x,) be afunc-
tion of n arguments and an integer such that < & < n. We say thatf is monotonicon
its kth argument if for all values, ..., v,, vy, if vy < vy, thenf(vi, ..., vg, ..., vp) <
f(vi,... v, ..., v,). Likewise, We say thaf is anti-monotonicon itskth argument if for
all valuesuvy, ..., vy, vy, if v < vy, thenf(vi, ..., v, ..., v0) < fvr, .., Uk, ..., 0n).
0

Logical connectives can be regarded as boolean functiangjescan consider their be-
haviour with respect to monotonicity. The connectivesand v are easily seen to be
monotonic on all of their arguments. This means that; A ... A Ax A ... A A4,) <
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(RSANGM NGE)V (GSANRM A GE)V (GS AN GM A RE)
(RS — 58) A (RM — SM) A (RE — SE)
RS « GM
RS « =GS
RM «— -GM
RE < -GE
RENSE

RE =0 YE_l
(RSANGM NGE)V (GSANRM AN GE)V (GS AN GM)
(RS — SS A (RM — SM) A SE

RS<—> GM
RS < =GS
GE =0 RM — -GM

/ -GE

GS NGM SE

(RS — SS) A (RM — SM) A SE \GE_I
RS — GM
RS < -GS L

RM < ﬁGM%
SE

GS
GM—O/ (RS — SS) A (RM — SM) A SE
B RS
RS — ~GS

ﬂRM

SS A RM — SM AN SE
-GS
~RM

SE
GS —/ \Gs =1
1 1
Figure 4.9: A splitting tree for the Russian Spy puzzle
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4.3 Polarity of Subformulas

I(Av Ao NALN ... AN Ay), wheneverl (4y) < I(A)), and similar forv instead ofA.

The negation- is anti-monotonic, i.e. if (A) < I(B), thenI(-B) < I(-=A). The im-
plication — is monotonic on its second argument, but anti-monotonidsfirst argument.
The equivalence- is neither monotonic nor anti-monotonic on either of itsuangnts.

The notions of monotonicity and anti-monotonicity can bgareled as a description of
behavior of the values of formulas depending on the valu#isedf immediate subformulas.
For example, if the value oB in A — B increases, then the value df — B cannot
decrease. We will introduce a notion pblarity which formalizes a relation between a
formula and its subformulas with respect to monotonicit@ define this notion, we will
recall the definitions opositionandsubformula at a positiorsee Section 2.7.3.

DEFINITION 4.11 (Position, Polarity) Avositionis any sequence of positive integess. . . , a,
wheren > 0, written asa;.as. ... .a,. Whenn = 0, i.e. the sequence is empty, we call it
theempty positiorand denote it by. A polarity is one of the values-1,0, 1.

Let us define by induction the notions of fipsition in a formula (ii) the subformula
of a formulaA at a positionr, denoted byA| ., and (iii) thepolarity of the subformula at a
positionm, denotedpol (A, ) as follows.

(1) For every formula4, € is a position inA, A|. def 4 andpol(A,e) def 1;

(2) LetAl|, = B.

(@) If Bhasthe formB; A...AB,orB; V...V B, thenforalli € {1,...,n}
the positionr.i is a position inA, Al ; def B;, andpol(A, r.7) def pol(A, ).

(b) If B hasthe form-B; , thenr.1is a position inA, A1 def By andpol (A, m.1) def

—pol(A, ).

(c) If B has the formB; — By, thenw.1 and 7.2 are positions inA and we
have Al 1 “ B, Alr.o “ B, pol(A,m.1) o —pol(A, ), pol(A,x.2) o
pol(A, ).

(d) If B has the formB; < By, then for alli € {1,2} the positionr.i is a position

in A, A‘TCZ d:6f Bi andel(A, 7TZ) dgf 0.

If Al = B, we also say thaB occurs inA at the positionr. If, in addition, pol(A,7) = 1
(respectively,pol (A, ) = —1), then we call the occurrence &f at the positionr in A a
positive occurrencérespectivelynegative occurrengeof B in A. O

ExXAMPLE 4.12 To illustrate these notions, consider the negatioh@farmula of Exam-
ple 4.3 on page 42. This negation-i$(p — ¢) A(pAq — r) — (p — r)) and itis
unsatisfiable, see Figure 4.7. Denote this formulalbyhe positions in4, subformulas at
these positions, and the corresponding polarities arengiivehe table of Figure 4.10. O
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position subformula polarity
€ ~(p—=aANpAg—T)—=(p—T)) 1
1 = ANPpAg—T)—=(p—T) -1
1.1 p—=aANpAg—T) 1
1.1.1 D—gq 1
1.1.1.1 » ~1
1.1.1.2 q 1
1.1.2 pPAGg—T 1
1.1.2.1 pPAq —1
1.1.2.1.1 p ~1
1.1.2.1.2 q 1
1.1.2.2 T 1
1.2 DT -1
1.2.1 D 1
1.2.2 r -1
1
o
A —
YN
— ‘—> P r
/NN
p q A r
I \2
p q

Figure 4.10: Positions and polarity
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The notions of position and polarity are best illustratecewkve draw the parse tree for
the formulaA, so that the nodes are labeled by connectives or atoms, geeH.10. For
each node in the parse tree, we label the arcs coming frormalis by integers, 2, .. ..
To find a position of a subformul® of A, we simply collect all integers on the path from
the root to the node representirdgy For example, the second occurrencepdé at the
position1.1.2.1.1 (see the path denoted by the dotted arcs). When we depicatke pree
a formula, we can calculate the polarity of an occurrencesofdiormulaB in the following
way. Consider the node corresponding to this occurrence and the path from the mot t
this node. If any node on this path (excludingtself) is labeled by—, then the polarity is
0. Otherwise, count the number of arcs on the path such thegrei) the upper node of this
arc is labeled with-; or (ii) the upper node of this arc is labeled with and the arc itself
is labeled byi. If the total number of such paths is even, then the polasity otherwise it
is —1.

In other words,

(1) if B occurs in the range of any equivaleneg then the polarity ofr is 0;

(2) if B does not occurs in the range of an equivalenegthen the polarity ofr is 1
(respectively,—1) if and only if B occurs in the range of a negatienor left-hand
side of an implication— an even (respectively, odd) number of times.

For example, the dotted path in Figure 4.10 contains one @hc-won top, and two
arcs having— on top and labeled with. The total number of such arcs is 3, so the second
occurrence op is negative.

The main property of polarities is that they provide us witeyatactic analogue of
the notion of monotonicity. Note that the propetftyA) < I(B) can be expressed as
I F A — B. We have the following result.

LEMMA 4.13 (Monotonic Replacement)et A, B, B’ be formulas,/ be an interpretation,
andI £ B — B'. If pol(A,7) = 1, thenl E A[B], — A[B']:. Likewise, ifpol(A,7) =
—1,thenI & A[B’'], — A[B]x. 0

This result implies the following theorem, which is simitarEquivalent Replacement
Theorem 3.9.

THEOREM4.14 (Monotonic Replacement)et A, B, B’ be formulas such tha® — B’ is
valid (respectivelyB’ — B is valid). Let a formulad’ be obtained from4 by replacing
one or more positive (respectively, negative) occurrerafeB by B’. ThenA — A’ is
valid. O

This theorem has a corollary related to satisfiability.

COROLLARY 4.15 Let A, B, B’ be formulas such thaB — B’ is valid (respectively,
B’ — Bis valid). Let a formulad’ be obtained fromA by replacing one or more pos-
itive (respectively, negative) occurrencesioby B’. If A is satisfiable, then soid’. [
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The notion of polarity has an important application to thegasitional satisfiability
problem. We say that an atomis purein a formulaA, if either all occurrences gf in A
are positive or all occurrences pin A are negative.

LEMMA 4.16 (Pure Atom)Letp be pure inA. Let] E A and I’ be obtained fron7 as
follows:

1, if p = ¢ andp occurs inA only positively
I'(q) def 0, if p = ¢ andp occurs inA only negatively
I(q), if p#q.
Thenl’ = A.

PROOF We consider only the case when all occurrencesinfA are positive. The formula — T
is, obviously, a tautology, so by Monotonic Replacementoram 4.14 the formulal — A; isa
tautology, too. Sincd = A, we havel F A;. Sincep does not occur im; and agrees with
I’ on all variables different from, we also havd’ A;. But by the construction of’ we have
I' E p < T, so by Equivalent Replacement Lemma 3.8 we hive A. U

This lemma means that, when checking whethés satisfiable, instead of considering two
possible truth values far, we can restrict ourselves by considering only one trutlhiejal
namelyl if p has only positive occurrences afdf p has only negative occurrences. Of
course this lemma is not applicablepifis not pure inA, i.e., it either has occurrences of
polarity 0 or both positive and negative occurrences.

A syntactic analogue of the Pure Atom Lemma is as follows.

THEOREM4.17 (Pure Atom)Let an atonp has only positive (respectively, only negative)
occurrences iM. ThenA is satisfiable if and only if so isl] (respectivelyA;:).

PROOFE (=) Sincep — T is tautology, by Monotonic Replacement Theorem 4414~ A; isa
tautology too, so every model ¢f is also a model oﬂ;.

(«) Let I be a model ofA;. Change the interpretatiohinto I’ by redefining it on the variable
p so thatl’(p) = 1. ThenI’ is a model ofA;, sincel andI’ agree on all variables 04;. But
I' E p «— T, so by Equivalent Replacement Lemma 3.8 we hHve A < A, hencel’ = A and
so A is satisfiable. 0

This theorem gives us an important optimization for thet8pg Algorithm. If an atom
p is found to be pure iz, then we replacé: by G; (or G, depending on the polarity of
p in ), thus avoiding any splits on

EXAMPLE 4.18 Take the formula of Example 4.12 and replace the rightraocurrence
of p in it by —p. We obtain the formula-((p — ¢) A(pAq — ) — (-p — 1)). Letus
check if this formula is satisfiable. All occurrencesyoin this formula are negative. By
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Pure Atom Theorem we can replaeby L. By simplifying the resulting formula using the
rules of Figure 4.5, we obtain

(L= A(LAg—r)— (L —7))
—\(T/\(L/\q—>7°)—>(—|L—>7°))
“(LAg—=r)— (L —r))
(L= 1) = (L =)

(T = (=L =)

(L =)

—|(T—>T)

L

In the resulting formula the atomis pure and has only negative occurrences, so we can
safely substitutel for r, obtaining the partial interpretatidp — 0, r — 0} which satisfies

the original formula. Note that we have found a satisfyingiipretation with no splits at
all, that is, completely deterministically. O

Exercises

EXERcCISE4.1 Explain how satisfiability, validity, and equivalendepwopositional formulas can
be expressed in terms of one another. O

EXeRcCISE4.2 Build a truth table for each of the following formulas

p—
p = (-r — —p);
(per) e (pe ).

0
EXERCISE4.3 (%) Find a shortest formula equivalent to
(p— (g — 7)) A=((=gVr)A-p)
Can you prove that this formulathe shortest one? 0

EXERCISE4.4 Apply the Splitting Algorithm to the formulas of Examplé.12 and 4.18. In both
cases split on the atomfirst. O

ExXERCISE4.5 (»2954) Check, using splitting, whether the formla<— ¢)A((pA—q)V(gA—p))
is satisfiable. Split on the atomfirst. O

EXERCISE4.6 (k) Prove that the set of rules of Figure 4.5 on page 46 for siyipi formulas is
confluent (confluence is defined on page 11). O
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EXERCISE4.7 The pigeonhole problem is the following problem (or eath family of problems
for each value of the parametdtsm described below). There akepigeons andn holes. Is it
possible to assign pigeons to holes so that every pigeorpezsome hole and no hole contains
more than one pigeon? Formalize this problem, for eachipair, as a propositional satisfiability
problem.Hint: use the boolean variablés; ;|i =1...k,j = 1...m}, wherep; ; denotes that the
pigeon: occupies the holg. O

EXERCISE4.8 Apply the Splitting Algorithm to establish the unsagsility of the pigeonhole
problem for the case of three pigeons and two holes. O

EXERCISE4.9 Make a table with all positions, the corresponding sthfdas and polarities in
each of the following formulas

p— (pV(geq)V(g— (rAp))); 4.1)
pA=qNA((qg = —q)VpV(g— (rVp))). (4.2)
(See Figure 4.10 on page 53 for an example.) O

EXERCISE4.10 Consider the formul@ — ¢) A (¢ — —p). Is this formula

(1) monotonic, anti-monotonic, or neither pA

(2) monotonic, anti-monotonic, or neither g@ O
EXERCISE4.11 (»295«) Consider the formulép < ¢) < p. Is this formula

(1) monotonic, anti-monotonic, or neither pA

(2) monotonic, anti-monotonic, or neither g@ O

EXERCISE4.12 (k%) Prove, using splitting, the following property. Létbe a formula built from
atoms using only- and«<. ThenA is unsatisfiable if and only if (1) each atom occursiimn even
number of times, and the negatieroccurs inA an odd number of times. O

EXERCISE4.13 (k) Prove that for any unsatisfiable formufaof Exercise 4.12, every splitting
tree ha®™ branches, where is the number of distinct atoms ia. O

EXERCISE4.14 Prove, using splitting, that
(1) the formulap — g and—¢ — —p are equivalent;
(2) the formulag < —q and—p — ¢ are equivalent.

EXERCISE4.15 (k) We know that checking validity isoNP-complete. Prove that the problem of
determining whether a formula is monotonic on one of itsalalgs iscoNP-complete too. O

ExXERCISE4.16 Draw the parse tree for the formulan —p A ¢ — ((p < —¢) — r) and mark the
nodes corresponding to the negative occurrences of subfasnfe.g., encircle them). Write down
all negative subformulas of this formula. O
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