Chapter 9

Semantic Tableaux

Piles of cards where building (or packing) is usually peteuit
Cards may be packed on the exposed cards of each pile, aggordi
to rules that vary from game to game. Usually the game begins
with a certain number of cards in each pile. When all the cards

a tableau pile have been played elsewhere, there is usuallg a
about whether or what kind of cards can be moved to the empty
space.

Definition of “tableaux” atwww. goodsol . com

Carved in the limestone of a desert cliff in Egypt is a 5,28@4y
old tableau of a victorious ruler, perhaps the so-calledgk$icor-
pion — whose exploits, previously the stuff of myth and ledjen
may have been critical to the founding of Egyptian civilinat
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In this chapter we define semantic tableaux. They can be osedtisfiability-checking
and finding models of a formula. The rules for building a tabléor a formula are based
on the analysis of operation tables for logical connectivg applying these rules to the
input formula one can build all models of this formula.

In Section 9.1 we define semantic tableaux. In Section 9.2 is@usls the notions of
soundness and completeness for logical calculi. In Se&i8mwe give a different tableau
calculus that captures deletion of formulas from brancinelsestablish completeness using
an interesting proof-theoretic argument calladertibility. In Section 9.4 we show that
tableau calculi have an important proof-theoretic propediled thesubformula property
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9.1 Semantic Tableaux

(=(gvp—pVq) =1

(qVp—pVgq) =0

qVp)=1
pVq)=0
p=0
q=20
q=1 p=1
closed closed

Figure 9.1: Semantic tableau for the signed formui&g Vp — pVvq)) =1

As an example, we show that Pure Atom Theorem 4.16 can begrsieg proof-theoretic
arguments based on the subformula property.

9.1 Semantic Tableaux

Consider the formula:(¢V p — pV q) and suppose that we want to check if this formula is
satisfiable. This formula is satisfiable if and only if thergéd formula(—(¢Vp — pVq)) =

1 has a model. By inspecting the operation table for negatioysee Figure 3.2 on page 32,
one can see thdtmust be the model of the signed formdiay p — pV ¢) = 0. Again, by
inspecting the operation table fer, we see that in order fdrto satisfy(¢\Vp — pVvq) =0,

it must satisfy botlg vV p) = 1 and(p V q) = 0. For the formulap V ¢) = 0 to be satisfied

in I, we must have = 0 andg = 0. For the formula(q V p) = 1 to be satisfied il we
must have eithey = 1 orp = 1. Butg = 1 contradicts ta; = 0 andp = 1 contradicts to

p = 0. Therefore~(q V p — p V ¢) has no model.

The structure of the argument given above can be illustriaygoltting the signed for-
mulas used in the argument in a tree shown in Figure 9.1. Tdreches of this tree corre-
spond to various alternatives in constructing a model ostgeed formulas in the nodes of
the tree. For example, branching @r= 1 andp = 1 corresponds to two alternative ways
of satisfying(¢q vV p) = 1.

Note the following: we systematically tried to build a modéhl signed formula using
the operation tables for the connectives occurring in theéda. The rules applied during
the attempt of constructing a model depend on the main ctimeenf the formula under
consideration. For example, we know that every modg|Af/ B) = 0 must also be a
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CHAPTER 9. SEMANTIC TABLEAUX 119

model of A = 0andB = 0.

The tree shown in Figure 9.1 contains one or more signed flasrin its nodes. Such
trees formalize search for models and will be cati#oleaux The branches in tableaux can
be of two kinds:openandclosed Intuitively, a branch is closed if it is established that th
set of signed formulas on this branch has no model.

Let us formalize the process of building a tableau ase-player gameSuch a game
consists of a sequence wioves At each step of the game the player selects a move using
the rules of the game. Each move changes the cucritguration

In the case of semantic tableaux a configuration is a tabl@aubuild atableau for
a signed formulax we initially create a tableau consisting of a single nodeled by .
Naturally, thisinitial tableau for« contains a single branch. We declare this branch open.

The game for building a tableau for a signed formuleonsists of a sequence of moves
of the following kind. The player repeatedly does the foliogy

(1) Choose an open brandh in the current tableaux and a signed formulan this
branch such that is not a signed atom.

(2) Expand the tableau using the rules described below.

The tableau expansion rules add one or more formulas tobheaia For some of the rules,
the formulas are put on the branéh Other rules add several new nodes below the branch,
thus creating new branches. Suppose that the chosen bBaocchtains a formulgs in the

leaf. The rules are as follows. For simplicity, in the rules wse also to denote the leaf
node containing the formula.

(1) ahasthe form(A; A...AA,) = 0. Add to as childrem nodesA; =0,..., 4, =
0.

(2) « hasthe form(4; A... A A,) = 1. Add to 5 as a child a single node containing
formulas4; =1,..., A, = 1.

(3) « hasthe form(4; V...V A,) = 0. Add to 5 as a child a single node containing
formulasA; =0,..., A4, =0.

(4) ahastheformA;V...VA,)=1. Addtog as childrem nodesA; = 1,..., 4, =
1.

(5) « has the form(A; — A) = 0. Add to 3 as a child a single node containing two
formulasA; = 1,45 = 0.

(6) a hasthe forn{4; — Ay) = 1. Add to 3 as children two noded; = 0 andA; = 1.

(7) a has the form(—A;) = 0. Add to § as a child a single node containing the formula
A =1.
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9.1 Semantic Tableaux

(A1 A /\An):]- ~ A1=1,...,A4,=1
(A1 Vv \/An):O ~ A1 =0,...,4,=0
(A1—>A2):0 ~ Alzl,AQZO
(AlﬁAg):]_ ~ A1:O’A2:1
(—|A1):0 ~ A1:1
(mA])=1 ~ A, =0
(A1<—>A2):O ~ A1:O,A2:1‘A1:1,A2:0
(A1<—>A2):1 ~ A1:0,A2:0|A1:1,A2:1

Figure 9.2: Branch expansion rules

(8) «a has the form(—A;) = 1. Add to 3 as a child a single node containing the formula
A =0.

(9) « has the form(A; < As) = 0. Add to 3 two children, the first containingl; =
0, A, = 1, the second containing; = 1, A, = 0.

(10) « has the form(A; < As) = 1. Add to (5 two children, the first containingl; =
0, A, = 0, the second containing; = 1, A, = 1.

These rules are summarized in Figure 9.2. The signed formigashown on the left of
the ~~ symbol. The children of the leaf nodeare shown on the right of+, divided by|.
We will refer to these rules of Figure 9.2 bganch expansion rulesince they expand the
selected branch of the tableau.

In addition to the branch expansion rules there arelivemch closure rule$ormulated
as follows:

(1) If a branch of the tableau contains a pair of signed atpms0 andp = 1. then this
branch is marked as closed.

(2) If abranch of the tableau contains a signed formula 0 or 1. = 1, then this branch
is marked as closed.

The tableau building game is non-deterministic, becau$ereint branches and formu-
las can be selected at every step. The player can chooseediff¢rategiesfor expanding
branches. In principle, the game can be infinite becauseeX@ample, the player can re-
peatedly select the top node. To make any game finite, we ienjbasfollowing restriction
on branch expansion rules: it is not allowed to select a sidaemula on a branch if this
signed formula has previously been selected on that bravioheover, we do not want to
to expand closed branches. Thus the branch expansion relesodified so that

March 5, 2009 draft Time 8:11



CHAPTER 9. SEMANTIC TABLEAUX

121

(1) the player chooses an open branch;
(2) he selects a formula not previously been selected otbthisch.

It is not hard to argue that with this restriction any gamen#di because the signed for-
mulas added after every move have a smaller size than therclamed formula.
We have two possible outcomes for every game:

(1) There are no possible moves because all branches aeglclos

(2) There is an open branch but on this branch every signedularhas already been
selected.

We claim that in the first case the initial signed formula isatisfiable, while in the second
case it is satisfiable. The proof of this fact will be giventie hext section. Moreover, we
will show how, in the second case, one can build a model ofdhadla.

ExAMPLE 9.1 Consider again the formuta((p — ¢) A(pAg — 1) — (p — 1)).
To check if this formula is satisfiable, we try to build a tahlefor the signed formula
(=(p—=qgANp@PANg—r)— (p—r)) = 1. Such atableau is shown in Figure 9.3. To
make it clear which signed formula is selected at each nodelemote the signed formulas
by (a)—(g) on the right of the figure and label each arc by on@)sf(g) as well. Since all
branches of the tableau are closed, the formula is unsatisfia O

Suppose that a game terminated and the tableau has an opeh.ldrat us explain how
one can build a model of the signed formula at the root in thisec LetB be the set of
all signed formulas on the open branch. Consider any irg&fon/ such that for every
boolean variable we have

def [ 0, if (p=0)e B;
I()_{l, if (p=1)¢€ B.

If neitherp = 0 norp = 1 lie on the branch, we can defidép) in an arbitrary way. It is
not hard to argue that at least one such model exists &noay contain at most one of the
signed formulap = 0 andp = 1. Note that the construction dfuses only signed atomic
formulas inB. We claim thatl is a model of the signed formula at the root of the tableau.
The proof of this fact will be given in the next section. Moveq it will be seen from the
proof that! is also a model oéverysigned formula on the branch.

ExamMPLE 9.2 Consider again the formuta((p — ¢) A (p A g — 1) — (-p — 1)).

To check if this formula is satisfiable, we try to build a tahlefor the signed formula
(=(p—=aNpPANg—1)— (-p—r1))) = 1. Apart of a tableau for this formula is
shown in Figure 9.4. It contains two open branches to whitpadsible rules have been
applied. The leftmost branch contains two signed atpms0 andr = 0. This means that
the interpretationgp — 0,r — 0,¢ — b}, whereb is an arbitray boolean value, are models
of the formula. The branch next to it also gives us a mdgel 0,q — 0,7 +— 0}. O
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9.2 Soundness and Completeness

(~(p—=a)Nphg—1)—=(p—1))) =1 (a)
| a
(= N(pAg—71)—=(p—1))=0 (b)
| b
(=g Nprg—T1))=1 (©)
(p—r)=0 (d)
| c
(r—0q) = (e)
pAhg—r)=1 ()
| d
p:
e r=0 e
N
closed P
close e \
pAqg=0 r=1 (9)
g/ \g closed
p=20 q=20
closed closed

Figure 9.3: Semantic tableau for the formul@p — ¢) A (pAg— 1) — (p — 1))

9.2 Soundness and Completeness

Logics are usually defined in a semantical way, using a daeitatition of model. Logical
calculi, such as the resolution calculus, of tableaux, afendd using a notion of proof or
derivation. One has to show that model-theoretic notioacansistent with proof-theoretic
ones. There are two key properties of logical calculi reiihgctheir adequacy to model-
theoretic notionssoundnesandcompletenesdntuitively, soundnessneans that formulas
having proofs are also semantically sound (for exampléq walsatisfiable) Completeness
is the inverse property: every semantically sound formas & proof. It is usually rela-
tively easy to show that a calculus is sound by showing thetyemference of the calculus
preserves soundness. Showing completeness is usuallyimioheed.

In this section we prove that the tableau method is soundamglete. That is, a signed
formula « is satisfiable if and only if every terminated game othas an open branch.
Likewise,« is unsatisfiable if and only if every terminated gamedaesults in a tree with
all branches closed. The proof of the soundness and compkatds very interesting and
based on arguments which will be used in this book over and again. It emphasizes
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((p=a)NpNg—71)—=(-p—71))) =1 (a)
| a
(p—a)N(pAqg—1)—(p—71)) =0 (b)
| b
((pﬁqu(pAq—W))zl (©)
-p—1)=0 (d)
| c
p—q =1 (e)
(phg—r)=1 ()
| d
(-p)=1 (9)
AN
p=0 qg=1
| 9
¢ PO
RN
(pANq)=0 r=1 (h)
h \h closed
p=20 q=20

Figure 9.4: Part of a tableau for the formulé(p — ¢) A(pAqg— 1) — (-p — 1))

the close connection between the branch expansion ruletharmbmantics of the logical
connectives. The proof will be given after a series of lemarasdefinitions.

We assume that the game begins with an initial signed formutae goal). We will
often associate the branch of a tableau with the set of sifpretulas on this branch. For
example, we say that a branch of a tableasatisfiableif the set of signed formulas on this
branch is satisfiable and call every model of this set a mddili®branch.

We will prove two statements from which soundness and coiepéss will follow.
First, we show that if all branches of a tableau are closest) 4his unsatisfiable. Second,
if there is an open branch after the game terminates, therhawe Bow one can extract a
model ofy from this branch.

LEMMA 9.3 Let I be an interpretation. Further, |el" be a tableau obtained after some
move of the game. Thdnis a model ofy if and only if I is a model of some branch &f.

PROOF The proof is by induction on the number of moves. When the remobmoves i), T' is
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the initial tableau and the claim is straightforward. So,assume that the lemma holds for some
tableauT” and show that also holds for every tableBuobtained fromI" by a branch expansion
rule. Suppose thaB is the branch chosen il and« is the selected formula of this branch. We
will consider only one case, when has the form(4; A ... A A,) = 0, all other cases will be
similar. LetB, By,...,B,, be all branches of'. Then the branches & are B, ..., B,,, B U
{4, =0},...,BU {4, = 0}. By the induction hypothesid,is a model ofy if and only if it is a
model of some branch ii. So it remains to prove thdtis model of some branch ifv if and only
if it is a model of some branch ifi’. Note that this statement is trivial Ifis a model of at least one
of By,..., B,,, S0 we assume thdtis not a model of any of th&;, ..., B,,.

Suppose that is a model ofB. Then! is a model of(A; A ... A A,) = 0, since this signed
formula lies onB. But then[ is also a model of soméd; = 0, and so a model aB U { 4; = 0}.

Conversely, suppose thatis a model of some brancB U {A; = 0}. Obviously, it is also a
model of B. U

Let us call a set of signed formul&svially unsatisfiableif it either contains a pair of
signed atomg = 0 andp = 1, or it contains at least one of the signed formulas- 0 and
1L = 1. Obviously, any trivially unsatisfiable set is unsatisfabMoreover, we have the
following lemma.

LEMMA 9.4 A tableau branch is closed if and only if it is trivially ungsdiable. O

Lemma 9.3 implies one part of the soundness and completémesem given in the fol-
lowing lemma.

LEMMA 9.5 LetT be a tableau for. If all branches inT are closed, thery is unsatisfi-
able.

PROOF Suppose, by contradiction, thatas a model. Then, by Lemma 9.3, is also a model of
some branchifl". But every closed branch is trivially unsatisfiable, anddeecannot have a model.
We obtain a contradiction. t

Let us now show that an open branch in a terminated tableaa heslel. To this end,
let us introduce an auxiliary notion ehturated set

DEFINITION 9.6 (Saturated Set) A sétof signed formulas is callegaturatedif it satis-
fies the following properties:

(1) If S contains a signed formul@g; A... A A,,) = 0, thenS also contains at least one
of the signed formulagl; =0,..., 4, =0.

(2) If S contains a signed formul@g; A ... A A,) = 1, thenS also contains all of the
signed formulasd; =1,..., 4, = 1.

The notion of saturated set of signed formulas here shoul@mixed with the notion of-saturated set
of formulas defined in the context of inference systems. Ri@rénce systems, a set is saturated with respect
to inferences in this system. “Saturated” in this chaptergemantic notion. It is sometimes called “downward
saturated” because it imposes some conditions on subfasnafiformulas in this set.

March 5, 2009 draft Time 8:11



CHAPTER 9. SEMANTIC TABLEAUX

125

(3) If S contains a signed formul@g; v ...V A,) = 0, thenS also contains all of the
signed formulasd; =0,...,4, = 0.

(4) If S contains a signed formula@; V...V A,,) = 1, thenS also contains at least one
of the signed formulast; =1,..., 4, = 1.

(5) If S contains a signed formul@d; — As) = 0, thenS also contains bot; = 1
andA,; = 0.

(6) If S contains a signed formulgd; — A,) = 1, thenS also contains eithed; = 0
or A, = 1.

(7) If S contains a signed formula-A;) = 0, thenS also containsi; = 1.
(8) If S contains a signed formula-A;) = 1, thenS also containsi; = 0.

(9) If S contains a signed formulgd; < As) = 0, thenS also either contains both of
the signed formulasl; = 0 and A, = 1, or both of the signed formulag; = 1 and
Ay =0.

(10) If S contains a signed formulgd; < As) = 1, thenS also either contains both of
the signed formulasl; = 0 and A, = 0, or both of the signed formulag; = 1 and
Ay = 1. 0

It is easy to observe the following fact.

LEMMA 9.7 Let a game fory terminates at a tableaili’. Then every open branch inis a
saturated set. O

The following lemma is a key result for the second part of thensiness and complete-
ness theorem. The proof of this lemma also gives us a way dhfirel model of an open
tableau branch.

LEMMA 9.8 Let B be a saturated set of formulas. Thénis satisfiable if and only if it is
not trivially unsatisfiable.

PROOF Evidently, if B is trivially unsatisfiable, then it is unsatisfiable. So wewase that3 is not
trivially unsatisfiable and show how to build a model®f Consider any interpretatiahdefined as
follows: for every boolean variablewe have

e 0, if =0 B;
I(p)df{ 1, i Eﬁzliig.

The valuel (¢) for boolean variablegsuch that neithey = 0 norqg = 1 belong toB can be arbitrary.
Note that/ is well-defined: sincd3 is not trivially unsatisfiable, at most one of the formugas: 0
or p = 1 belongs toB. We claim that/ is model of B, that is, a model of every signed formula
« € B. The proofis by induction on the size of
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Whena has the fornp = 0 or p = 1, wherep is a boolean variable, we haveF « by the
construction of/. Among all other possible cases farwe consider only one, namely, when
has the form(A; A ... A A,) = 0. By the definition of saturated seR also contains a signed
formulaA; = 0, for somei € {1,...,n}. Note thatd; has a smaller size than By the induction
hypothesis we havéF (A4; = 0). But then obviously F «. U

Now we are ready to prove the main theorem of this section.

THEOREM 9.9 (Soundness and Completene&g)t T be a tableau resulting from a termi-
nated game for a signed formula Theny is unsatisfiable if and only if all branches
are closed.

PROOE If all branches inT" are closed, then by Lemma 95is unsatisfiable. If there exists an
open branchB, then by Lemma 9.713 is saturated, so by Lemma 9[Bhas a model. But every
branch in a tree contains the root, hence B, so! is also a model ofy. U

Note that this theorem is formulated independently on ttegexy used for choosing tableau
branches and formulas on these branches.

Let us show some applications of Soundness and Complet@inessem 9.9 for the
problems of checking satisfiability, validity, and equaate.

COROLLARY 9.10 The following statements hold.

(1) A formulaF is satisfiable if and only if every (some) terminated tabléauF = 1
has an open branch.

(2) AformulaF is valid if and only if in every (some) terminated tableau fo= 0 all
branches are closed.

(3) FormulasF; and F» are equivalent if and only if in every (some) terminated é¢alol
for (Fy < F,) = 0 all branches are closed.

PROOFE (1) is immediate by Completeness Theorem 9.9. Considell @)1 be any terminated
tableau forf” = 0. If all branches ifl" are closed, then by Theorem 9.9 the signed forniuta 0
is false in every interpretation. But thén= 1 is true in every interpretation, henéeéis valid. (3)
is analogous to (2). |

9.3 Another Look at Tableaux

In this section we give an alternative formalization of satitatableaux. A formalization

of tableaux as trees is very intuitive and convenient forvim® completeness but does
not capture an important point about the tableau constmuctNamely, when a formula is
selected on a branch, this formula should not be selectad.agjais can be formalized as
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deletion of the formula from the branch, but we cannot priypdisplay deletion from a
branch in a tree: if we delete a formula from a tree, then itismatically deleted frorall
branches containing this formula. Another not very elegaimnt about our formalization is
that we had to formalize branch close rules in a way diffefierh branch extension rules.
This gives us an idea of dealing with a collection of brandhstead of a tree. In this
section we give an alternative formalization of a tableaa esllection of branches.

DeFINITION 9.11 (Branch, Tableau) Aranchis a finite non-empty set of signed formu-

las. Atableauis a finite set{ By, ..., B, } of branches, denoted by, | ... | B,. When
n = 0, we speak of thempty tableapand denote it byH. An interpretation/ is called a
modelof a tableadl” if it is a model of at least one branch in this tableau. O

Note that by this definition the empty tableau has no modekswiW use the words “satis-
fiable” or “satisfy” for tableaux in the same way as we did fomhulas. Note that a tableau
a1, ..., ., consisting of a single branch is satisfiable if and only if sle¢ of signed for-
mulasay, . .., o, is satisfiable.

Let us now introduce a tableau calculus for propositiongidoIn this calculus deriv-
able objects are tableaux.

DEFINITION 9.12 (Tableau Calculus) Thebleau calculusfor propositional logic con-
sists of the following inference rules.

(1) Branch expansion rulesfor every rule of Figure 9.2, if the rule has a formn ~
Sy |...]Sn, and atablead’ has a branctB, a containinge, then replace iff” this
branch bym branchesB U S1,..., B U S,,.

(2) Branch closure rulesif a branch contains the signed formula= 0, or the signed
formula L = 1, or a pair of signed atoms = 0 andp = 1, then delete this branch
from the tableau. 0

The branch expansion rule can be presented as an inferdeasrinllows:

B,a|Bi|...| B, '
B.Si|...| B,Sn|Bi]...| Ba

One of the branch closure rules can be presented as an icéengle as follows:

B,p:O,p:HBl]...]Bn‘
Bi|...| By

Note that in the branch expansion rules the signed formutadeletedfrom the branch
B, or more preciselyteplacedby m signed formulassy, . .., S,,. Also, instead of closing
branches, we simply delete them from the tableau.
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9.3 Another Look at Tableaux

“s(p—=q)ANpAg—1)—=(p—r1)))=1=
(p—=a)ApAg—r)=(p—7) =0 =
(p—q@ANprg—1)=1(p—1r)=0 =

p—q) =1, (pAq—”“)—l( 0=
p=q)=1 (pAg—r)=1p=11r=0=
p=0, (pANqg—r)=1,p=1,r=0|qg=1
g=1, (pAhg=r)=1,p=1,r=0 =
g=1 (pANqg)=0,p=1,r=0|g=1,r=1,p=1,r=0 =
g=1, (pAq)=0,p=1,r=0 =
g=1,p=0,p=1,r=0|¢=1,¢=0,p=1,r=0 =
q=1,q=0,p=1,r=0 =

N N N N

H

Figure 9.5: A tableau derivation

ExAMPLE 9.13 Consider an example that shows how the tableau calewdtls for the
tableau of Figure 9.3. We apply the tableau calculus infa@emles to the initial tableau
consisting of a single signed formula:((p — ) A(pAg —71) — (p — 1)) =1. A
derivation of the empty tableau from the tableau consistintpis signed formula is illus-
trated in Figure 9.5. We distinguish the formula to which ygels a branch expansion rule
by shading its main connective. For branch closure ruleshaele both signed formulas of
the formp = 0 andp = 1. O

The following lemma is straightforward.
LEMMA 9.14 LetT be atableau and suppose that no inference can be appligd Tthen

(1) the tableau contains only signed atoms and signed formulas1, 1 = 0;

(2) there is no tableau branch that contains a pair of signed idasp = 0 andp = 1,
(3) every branch irfl" is satisfiable;

(4) T is satisfiable if and only if” is non-empty.

PROOF

(1) If T contains any other signed formuta= 1 or F' = 0, then there is a branch expansion
rule applicable to this signed formula.

(2) If a branch contains both = 0 andp = 1, then one can apply a branch closure rule to this
branch.
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(3) Take any branctB in 7. Consider any interpretatioh such that for all variablep and
boolean values we havel (p) = b if the branch contains the signed formpla= b. By (2)
such an interpretation exists. Evidently, it satisfies igihed atom$ = b on the branch and
all formulasT =1, 1 = 0, so/ satisfiesB.

(4) If T has at least one branch, then by (3) this branch has a modEljseatisfiable. Ifl" is
empty, then it is untisfiable. O

This Lemma and arguments abaoxertibility of inferences allow one to prove soundness
and completeness of the tableau calculus in a rather stf@iglard way.

DeFINITION 9.15 (Invertible) An inference is callaédvertibleif it has the following prop-
erty: the conclusion of this inference is satisfiable, if amdly if some of its premises is
satisfiable too. An inference rule is invertible if everyardénce in it is invertible. O

Note that every inference in the tableau inference systesrekactly one premise and ex-
actly one conclusion.

LEMMA 9.16 Every inference of the tableau calculus in invertible.

PROOF We will prove an even stronger property: the premise andahelasion of every inference
have the same models. We will prove it for two rules, the pfoothe remaining rules is similar.
Consider the rule for the signed formyld; A ... A A,,) =0:

(A AA) =081 Bl | B

Suppose that is a model of the premise. If for somie= 1, ..., m we havel F g;, thenI is also a
model of the conclusion. Supposé= (A; A...AA,) =0,8. Thenl E gandl ¥ A1 A... A A,.
Then for somegj = 1,...,n we havel ¥ A;, hencel F A; = 0,4 and sol is a model of the
conclusion. The proof that every model of the conclusioride a model of the premise is similar.

Consider now the branch closure rule. Any branch closuesénfce removes from the tableau
a branch with no models. Therefore, it does not change tlisiahtlity of the tableau. ]

THEOREM 9.17 (Soundness and Completeneks} v be a signed formula an@ be any
tableau such that (i) there is a derivation Bffrom~; (ii) no inference can be applied 6.
Then~ is unsatisfiable if and only if’ = H.

PROOEF SinceT is obtained fromy by a sequence of inferences, by Lemma 91§ satisfiable if
and only ifT" is satisfiable. But by Lemma 9.14 a tableau to which no infeeepplies is satisfiable
if and only if it is non-empty. U
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9.4 Subformula Property

signed formula immediate signed subformulas
(Al/\.../\An): A =0 A,=0
(Al/\---/\An):]- A =1 A, =1
(Al\/...\/An):O A1 =0 A,=0
(Al\/ \/An):]. A =1 A, =1
(AlﬁAg):O A1:1 AQZO
(A1 — Ay) =1 A =0 Ay=1
(A =0 A =1
(—A;) =1 A =0
(A1<—>A2):O A1:O A1:1 AQZO A2:1
(A1<—>A2):0 A1:0 A1:1 A2:0 A2:1

Figure 9.6: Immediate signed subformula

9.4 Subformula Property

It is clear from the definition of the branch expansion rulest &ll formulas occurring in a
tableau are subformulas of the root formula. This and smpitaperties of logical calculi
are usually referred to assaibformula property

In fact, an even stronger subformula property takes placehfo tableau calculus of
this chapter. To formulate this subformula property, first meed to extend the notion of
subformula to signed formulas.

DEFINITION 9.18 (Signed Subformula) Thienmediate signed subformulad a signed
formula o are defined as in Figure 9.6. Th@ned subformulasf a signed formula are
defined as follows:

(1) Every signed formula: is a signed subformula of itself.

(2) If oy is an immediate signed subformula®f andas is a signed subformula afs,
thenq; is a signed subformula aefs.

In other words, the relation “signed subformula” is the pdfle and transitive closure of
the relation “immediate signed subformula”. O

Compare this definition with that of the branch expansioesun page 119.

Signed subformulas of a signed formula= b encode not only information about the
subformulas off’, but also information about polarities of occurrences esthsubformu-
las. For example, consider the signed formga\ ¢) = 1. Thenp = 1 is a signed subfor-
mula of this formula bup = 0 is not. The reason is thathas only positive occurrences in

PAg.

LEMMA 9.19 Let A be a formula andB be the subformula ofl at a positions.

March 5, 2009 draft Time 8:11



CHAPTER 9. SEMANTIC TABLEAUX

131

(1) If pol(A,7) = 1thenB = 0is a signed subformula of = 0 and B = 1 is a signed
subformula ofd = 1.

(2) If pol(A,m) = —1thenB = 0 is a signed subformulaol = 1andB = lis a
signed subformula oft = 0.

(3) If pol(A,7) = 0then bothB = 0 and B = 1 are signed subformulas of = 0 and
also signed subformulas af = 1.
PROOF The proofis by induction omr. Whenr = ¢, the statement is obvious. Whenis non-
empty,m = 7’.n for some positiorr and positive integer.. We will consider only one case, when
Al has the formB; — B,, other cases are analogous. In this case eitherl andB = B; or
n = 2 andB = B,. Let us consider the three possible value@i A, 7’) and show that in all
cases the conditions of the lemma are satisfied.

(1) Casepol(A,n’) = 1. The induction hypothesis yields thB; — B, = 0 is a signed subfor-
mula of A = 0 andB; — By = 1is a signed subformula oA = 1. Consider only the case
By — By = 0, the other case is analogous. By the definition of signedmsuhflas we have
that By = 1 and B, = 0 are signed subformulas of = 0. By Definition 4.10 of position
and polarity we havel|, 1 = By, pol(A,7'.1) = —1 andA|, o = By, pol(A,7'.2) = 1,
so the lemma conditions hold for bo#t.1 and~’.2.

(2) Casepol(A, ') = —1 is symmetric to the previous one.
(3) Casepol(A,n") = 0 can be proved by joining together the two previous cases. O

In a similar way one can prove the converse to Lemma 9.19 dieéow.

LEMMA 9.20 Let A; be a formula,A; a subformula ofd;, andb, b, be boolean values.

(1) If A5 has only positive occurrences iy, then A, = b, is a signed subformula of
A; = by ifand only ifbr = bo.

(2) If A, has only negative occurrences i, then A, = b, is a signed subformula of
A; = by ifand only ifbq 75 bo.

(3) In all other casesd, = b, is a signed subformula of; = b;. O

The following theorem expresses a fundamental propertyiofableau calculi.

THEOREM 9.21 (Subformula Propertyl.et T' be a tableau for a signed formuta Then
every signed formula occurring iR is a signed subformula of.

PROOEF By routine inspection of the branch expansion rules. |

One of possible corollaries of Subformula Property is tmaatom A pure in a formulaF’
will never participate in a branch closure rule in a tableawef signed formuld” = b, see
Exercise 9.9.

Our proof of Completeness Theorem 9.9 based on saturatednsitectly used the
subformula property. Indeed, a saturated set only conggmed subformulas of the root
formula.
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9.4 Subformula Property

Exercises

EXERCISEQ.1 Show unsatisfiability of each of the following formulasing semantic tableaux:

(p = q) < (mg < p);
(=g = =p) = ((=g — p) = q)). O

EXERCISE9.2 Show satisfiability of each of the following formulasngisemantic tableaux:

(p < q) — (mg < p);
~(pVag—((—pAq) VPV —q)). O

EXeERCISEQ.3 Show validity of each of the following formulas using settic tableaux:

(r—q) — ((p— —q) — —p);
(p—7r)—(PVqg—r1Va). O

EXERCISE9.4 For each of the following formulas, descrié models of this formula using se-
mantic tableaux:

(@— (A7) A=(pVT— q);
“(pVg—pAq). 0

EXERCISEQ.5 Establish the following equivalences using semankietaix:

(p — —p) =
(p— q) = (—g — —p);
(Ve A(PV—q) =p. 0

EXERCISE9.6 Suppose that we extended the set of logical connectivéisedif -then-else con-
nective whose semantics is defined as follows. For everygragation/ we have

) def [ I(B), if I(A)=1;
I(if A then B else C) = { 1O, it I(A) =0
Define tableau rules for this connective. O

EXERCISEQ.7 Consider the followingxclusive orconnective® defined as follows: for every
interpretation/ we havel F A, & ... & A, if and only if the cardinality of the set

{i|1<i<nandlF A;}
is odd. Define tableau rules fay. O

EXERCISE9.8 Prove completeness of semantic tableaux in the forneestby invertibility argu-
ments similar to those used for the tableau calculus (prb®heorem 9.17). 0

EXERCISEQ.9 LetA be an atom pure in a formufa andb be a boolean value. Then in any tableau
for the signed formuld” = b, A will not be used a branch closure rule. O
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