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Reachability

Fix a transition system S with the transition relation 7. We write
so — &1 for (so,81) € T (that is, if there is a transition from s; to sy).

» A state s is reachable in n steps from a state s if there exists a
sequence of states sq,. .., s, such that s, = s and

So—8 —...— 8.

» A state s is reachable from a state sy if s is reachable from s in
n > 0 steps.



Reachability Properties and Graph Reachability

Theorem. Let F be a propositional formula. The formula ¢ F holds on
some computation path if and only if there exists an initial state sy
and a state s such that s = F and s is reachable from s;.
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1. Initial condition /n representing a set of initial states /;
2. Final condition Fin representing a set of final states F;

3. formula Tr representing the transition relation of a transition
system S,

is any final state reachable from an initial state in S?



Reformulation of reachability

Given
1. Initial condition /n representing a set of initial states /;
2. Final condition Fin representing a set of final states F;

3. formula Tr representing the transition relation of a transition
system S,

is any final state reachable from an initial state in S?

An interesting property of this reformulation is that it does not use
temporal logic.
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Symbolic Reachability Checking

» |dea: build a symbolic representation of the set of reachable
states.

» Two main kinds of algorithm:

» forward reachability;
» backward reachability.



Reformulation as a Decision Problem

Given
1. aformula /(Xx), called the initial condition;
2. aformula F(x), called the final condition;
3. formula T(x, X’), called the transition formula
does there exist a sequence of states s, . .., s, such that
1. so = I(X);
2. sp = F(X);
3. Foralli=0,....,n—1we have (si_1,5;) = T(x,X').
Note that in this case s, is reachable from sy in n steps.
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Simple Logical Analysis

Lemma
Let C(x) symbolically represent a set of states S. Define

def

FR(X) & 3%(C(x1) A T(%1,X)).

Then FR(X) represents the set of states reachable from S in one step.

Using this observation, we can define a sequence of formulas R, for
reachability in < n states:

Rao(X) £ (%)
R<ni1(X) = R<n(X) VvV 3Xi(R<n(X1) A T(X, X1))



Termination

Denote by S, the set of states reachable from an initial state in < n

steps.
Key properties for termination.

» S, C S; 4 forall j;

» the system has a finite number of states;

» therefore, there exists a number k such that Sy = Sk, 1;
» for such k we have R<x(X) = R<k-1(X).



Forward Reachability Algorithm

procedure FReach(l, T, F)
input: formulas /, T, F
output: “yes” or “no”

begin
R(x) := I(x);
loop
if R(x) A F(X) is satisfiable then return “yes” ;
R'(x) := R(x)Vv3x(R(X )AT(X1, X)) ;
if R()‘() = R'(x) then return “no”
R(x) := R'(X)

end Ioop
end
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Forward Reachability Algorithm

procedure FReach(l, T, F)
input: formulas /, T, F
output: “yes” or “no”
begin
®) = I(X);
loop
if R(x) A F(X) is satisfiable then return “yes” ;
R'(x) := R(X)V3Ixi(R(X1) A T(X1,X));
if R()‘() = R/'(X) then return “no” ;
(X) = R(X)
end Ioop
end

I
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Forward Reachability Algorithm

procedure FReach(l, T, F)
input: formulas /, T, F
output: “yes” or “no”

begin
R(x) := I(X);
loop
if R(x) A F(X) is satisfiable then return “yes” ;
R(X) := R(X)V3%(R(X)AT(%.X);
if R()‘() = R/'(X) then return “no” ;
R(x) := R'(X)
end Ioop
end
Implementation? Conjunction and disjunction
Quantification
Use OBDDs and OBDD Satisfiability checking

algorithms Equivalence checking



Incomplete Forward Reachability Algorithm

procedure FReach(l, T, F)
input: formulas /, T, F
output: “yes” or no output
begin

loop
“if R A F(X;) is satisfiable then return “yes” ;
R := RA T()_(,',)_(,'Jr1);
i = 0i+1
end loop
end
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Incomplete Forward Reachability Algorithm

procedure FReach(l, T, F)
input: formulas /, T, F
output: “yes” or no output
begin

loop
if R A F(X;) is satisfiable then return “yes” ;
R := RAT(X;Xi+1) 5

i =041
end loop
end

Implementation?
Use SAT solvers.
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Backward Reachability

If S, is reachable from Sy in n steps, we say that S, is backward
reachable from Sy in n steps.

Lemma
Let C(x) symbolically represent a set of states S. Define
BR(X) = 3x(C(X)A T(X.%)).

Then BR(X) represents the set of states backward reachable from S
in one step.
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Same as the forward reachability algorithms, but
» Swap / with F;
» Use the inverse of the transition relation T.



Backward Reachability Algorithm

Same as the forward reachability algorithms, but

» Swap / with F;
» Use the inverse of the transition relation T.

procedure BReach(!l. T, F)
input: formulas I, T, F
output: “yes” or “no”

begin

R(X) := I(X);

loop

~if R(x)AF(X) is satisfiable then return “yes”
R(X) := R(X)V3x(R(X)A T(X %)) ;
if R(x) = R'(x) then return “no” ;
R(x) := R'(X)

end loop



